MATH 126 — FINAL EXAM

Problem #1. Recall from the calculus of variations that minimizers
of the energy

Ep] = f F(z,u, Vu) dz
. .
satisfy the Fuler-Lagrange equation
“\ 9 (8F($, u, Vu)) OF (z,u, Vu)
-3 + - = 0.
phacy Ox; Op; ou

Find a function F = F{z,u,p) for which the corresponding Euler-
Lagrange equation is the nonlinear Poisson equation

where ¢ : R — R is given.

Problem #2. Write down the explicit formula for the solution
u = u(x, t) of the heat equation

Uy = Au forr e R* >0
u=¢ for re R* ¢t =0.

Problem #3. Write down a formula for the solution u = u(z,y) of
{Au=0 in B(0,a)
u=>5sin8¢ +cosf on dB(0,a).
Problem #4. Show that for an arbitrary function f,
u(r,t)———%f(t-r) (r>0)
solves the wave equation for n = 3 space dimensions, for ¢ = 1.

Problem #5. Show that if « solves the KDV equation
Up + Uggy + Oun, = 0 forx e R,t >0,

> 1
f —2~u§—u3d$

then the energy

1s constant in time.
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Problem #86. Prove that if the problem

—Au = Au in D
u=1_0 on 0D

has a solution u # 0, then A > 0.

Problem #7. Show that if u solves the wave equation
U =Ay forzeR"t>0, o< <<

d (1
— (../ u -+ |Vu|2d3:) <0.
dt \ 2 J B(ag,to—t)

Here Vu = (Ug,, ..., Uz, ).

then

Problem #8. Suppose that
Ay =10
within a bounded domain D C R™. Show that
max [V = max [Vul;

that is, the length of Vu attains its maximum on 8D.

(Hint: Let v = |Vul? and compute Av.)

Problem #9. A weak solution of Burgers’ equation

U + Uty =0 forz e Rt >0

has the form

0 for z > £(¢),
where £(t) is {curved) shock wave starting at £(0) = 1.
Find a formula for £(%).

(Hint: Use the Rankine-Hugoniot condition to find an ODE that £(¢)
satisfies. )

() = {H—il for & < £(¢)
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Problem #10. Fill in the details for this alternative proof of the
mean value property for harmonic functions in n = 3 dimensions:

(i) Prove the calculus formula

d /1 1 du
E (8—2— /;B(u:,s) UdS(y)) — 3_2 ‘féB(z,s) '5;1: dS(y),

by changing variables by y = x + sz, for z € dB(0, 1)
(i) Next, use this formula to show

i l/ udS | =0,
ds \ s? OB(z,3}

if % is harmonic. Deduce

1
u(z) = Tnr? /a B(m‘r)udS

if u is harmonic in the ball B(z, r).




