MATH 126 — MIDTERM

Problem #1. Suppose u = u(z, t) solves the first-order linear PDE:
U+ 6u, =0 for —co<z<00,t>0
u(z,0) =cosz for —oo <z < oo,

Find an explicit formula for u.

Problem #2. Let ©v = X(z)T(t) solve the PDE
Ugt = Ugy + U
What ODEs do the functions X and T satisfy?

Problem #3. Suppose that u© = u(z,t) solves the heat equation

Up = Ugpy forO<z<l, t>0
u=20 forx =0andl, t>0.

Show that
d I

il 2 <
A u*(z,t)dz < 0.

Problem #4. Assume u = u(z,t) solves the wave equation
Uy = Uz for —co<z <00, >0
u=¢,u=1% for —c0o <z <00, t=0.
Use the following procedure to prove that if both ¢ and ¥ are odd,

then u is odd in the variable z for times ¢ > 0.
Let
i(z,t) = —u(—=z,t),
and show that 4 solves the same PDE as u, with the same initial
conditions. Why does this imply 4 = u?

Problem #5. Assume v = u(z,t) solves the wave equation

Uy = Ugy for —co<z <00, t2>0
u=g¢,u=1v% for —co<zT<o00, t=0.

Derive d’Alembert’s formula for the solution, using the following hints.

GO TO NEXT PAGE.




First, you may assume that u has the form
u(z,t) = f(z +1) + glz —1).
Evaluate u(x,0) and u;(z,0) in terms of f and g, to get the ODE
ffrgd=4¢, f'=d=1.
Now solve for f’ and g’ and then integrate, to compute f, g in terms of
¢, 9.
Problem #6. Suppose v = v(z,t) solves the nonlinear PDE
V=g + 2 for —co <z <00, 120
v=¢ for — o<z <00, t=0.
Use the following hints to derive a formula for v.
First, show that u = e” solves the heat equation
Uy = Uge fOr —0O< T <00, t2>0
u=e? for —co<r <00, t=0.

Use the fundamental solution to write down a formula for u, and from
this determine a formula for v.




