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Problem 1

Consider the conducting sphere of radius R and charge @y shown in the figure below.
The conducting sphere is located in the interior of a spherical shell of internal radius R,
and external radius Ry, Ry > R;. The inside of the spherical shell has a charge @ = —Qy/2,
whose charge distribution obeys the following rule p(r) = Ar.

Find:

(a) (5 pts.) The value of the constant A.

Solution: To find the constant A, we need to use the self-consistency equation

Qunet = / ap(r)  (2pts.) 1)

Now we plug in Qgpen = —Q0/2 and p(r) = Ar,
1 fi2
—§Q0 = 47r/R Arr*dr = mA (R — RY) (2pts.) (2)
1
Finally we can write A as

Qo

A= 0
21 (R3 — RY)

(1pt.) (3)

(b) (5 pts.) The electric field as a function of distance from the center of the conducting

sphere.

Solution: We can use Gauss’s law to find the electric field everywhere,

/E CdA = D () (4)

€o
where we assumed spherical symmetry in the second equality. Inside the conducting

sphere, there is no charge,
E.n=0 (Ipt) (5)

Between the sphere and the shell, we have charge )y on the surface of the conducting

sphere,

Qo .
Ercrcr, = Fgﬂr (0.5pt.) (6)

Inside the shell, we have both charge @)y on the sphere and those p(r) = Ar inside the
shell,

1 " 2 A 1 4 4\ A
ER1<T<R2 = W (QO + 47T/0 Ar’r’ dT’) r = 47?607“2 (QD + 7TA(7" — Rl)) r (7)
Qo Lrt =R\
= l— - 2pt. 8
dmegr? 2 Ry — R} ' (2pt.) (®)



Finally, outside the shell, the total charge inside is just Qo/2,

_ D i (05pt) ()

Er>r, 8megr?

Missing the direction will result in 1 pt. off.

(c¢) (5 pts.) Consider a point like particle of charge ¢, mass m located at a distance
R3 > R, from the center of the sphere. If the particle is moving with initial velocity
Vg, directed toward the center of the sphere, find the minimum value of vy that will

allow the particle to reach the center of the sphere.

Solution: The minimum value of vy is determined by energy conservation K £ = PFE,

1
Emvg =qAV (1pt.) (10)

where AU = qAV is the potential energy difference the particle has to overcome. Now

we integrate from Rj3 all the way down to 0 to find the potential difference AV,

R3
AV = / E.dr = AV;~<R + Av]’%<r<R1 + AVR1<T<R2 + AVR2<T‘<R3 (O.5pt.)
0

(11)

where
R
0
R R
! Qo tdr Qo (1 1
AVieren = | Epepepdr = == - 0.5pt.) (13
neren = [ Prevendr = 25 [T - A (L) ) (19)
fts Qv [Mdr Qo (1 1
AViy<r<ry = Erop,dr = =2 — = — - Spt.) (14
Ra<r<fs /Rz >R " 87’(’60 /R2 7‘2 87T€0 (RQ Rg) (0 5p ) ( )
Rs Q Ro 1 1 7"4—R4
AVi crer, = Ep, —pep,dr = —22 . 15
Ri<r<Ra /Rl Ri<r<Ro AT Areq /R1 <7“2 92 R%—R‘f) r (15)
Qo Ry + Ry 1 1 1
= — — _— - — 1.5pts. 16
it \ 3(R+RY) 3R+ Ry R 2R (15pts.)  (16)

It is ok to not simplify the formula and write

o (RH(E-#)-4m®-m) 1
4d7eq R} — R} Ry Ry

AVRl <r<Rs —



Now we can put everything together and find

QO (l R+ Ry 1 1 )
3

47T60

AV = (18)

(R2+ R2)  3(Ri+R,) 2Rs

2qu l_ Ri+R, 1 1 050t
— \/ 4mo 3(RZ+ R2)  3(Ri+ Ry) 2R, Pt

(19)




Problem 2:

a. (4 pts) Since the shaded region has uniform charge density, the charge density is
simply
p=—= (1 point)

where () is the total charge given by Gauss’s law

[Braa—o-2 50— (1 point)

€0

and the volume is given by the volume of the large sphere minus the volume of the
two cavities

4
V= ?ﬂ [R® —2R}]. (1 point)
Putting this together,
360([5 .
= "7 1 t
P = 4r RS — 2R¥] (1 point)

b. (6 pts) To obtain the electric field, along the z axis, we must use the principle
of superposition to calculate the electric field due to the uniform sphere of radius
R and charge density p and the two cavities of radius R; and charge density —p.
Mathematically,

E. = E; + E, + E,, (2 point)
where we must remember that these are vector quantities.
For a > 1, from application of Gauss’s law we obtain

E.(z) = 2 {53] 2

3eo | 22

Ea(r) = — - {R—?] i

To |2
3o | 7

3
Ecr(ﬁ") - P |:i:| 7:7“7 (1 pOiIlt)

T3 | 2
3eo | T



where 1) and r, refer to the radial vectors centered on the left and right cavities
respectively and ending on the point z = aR. They both have magnitude r =
V22 4+ d?. Adding these vectors and noting that by symmetry only components
along 2z don’t cancel,

E,+E., =2FE,cosfz = QECIEQ (1 point)
T

S ES! = [E + QEC%} 2

_p [R?’ 2Ri’z} .
= = 2

N 360 22 7’3

_r (B 2aR3R S

N 3eg | a? ((aR)2 + d2)3/2

_ ¢R 1 2aR} . .

= m ? - ((CLR)2 I d2)3/2 Z. (05 pomt)

For a < 1, E, and E. are the same as above since all point along the z axis lie
outside the cavities, however now Gauss’s law yields

Es(2) = 3—2)22. (1 point)
With this replacement, the total field is given by
a<l __ P 2R:{)Z IS
EiS = 3_50 {z ~ 3 } z
vaR 2R3 . :
— — ) 0.5 t
i [R5 — 2Ry T (aR2+d2)2) " (0:5 point)

Alternatively, this problem can be solved by direct integration using the Coulomb
law, for which credit will be given as follows:

Eiot = Es + Eq + Eq, (2 point)
1 R 1 2 i7R3paR

Ea>1 — / drod 2 - 3 1 2 int

tot drey Jy AT (aR)2 Arey ((aR)2 + d2)3/2 ( pom )

1 2 sTRYpaR
aR)?  dmey ((aR)? + d?)3/2

= (2 point)
41eg

1 aR
E?;l = /0 drpdmr? (

. (5 pts) Taking V' = 0 at z = oo, the electric potential at the surface of the sphere
is given by integrating over the electric field for a > 1 with magnitude F(z)

z=R
V= —/ E -dl (2 point)
z;oo
= —/ E(z)dz (1 point)
R 3 3
P R 2Rz .
= _3_60 . |:? — m dz (1 pOll’lt)
[0) 9 2R3 .
=2 gz =L 1 point
4:7T [R3_2Rz1§] /R2+d2 ( poln)



Problem 3

1 Solution

Part a) Find the magnetic field generated by the infinite sheet.
Use Ampere’s law:

/-é : df: MOIenc (1)

By symmetry, B cannot depend on x or z. Draw square of side | around the
sheet. Also by the symmetry of the problem only the top and bottom terms
of the path integral contribute. By the right hand rule, the direction of the
magnetic field due to a current going into the page is clockwise.

B

X Js (into the page)

é-df+/ é-df+/ B-dl'=Bl+Bl+0=2Bl = pglen. (2)
top bottom sides
The current enclosed is:

Tope = Jgl (3)
So the magnetic field is:

— MOJSZ _ MOJS

B 21 2 “)




It points to the right above the sheet and to the left below the sheet.

Part b Find the force per unit length exerted on the wire.

The force on the wire is the magnetic force due to the magnetic field produced
by the sheet of current.

Lol ) )
So the force per length is:

F opgipds, .
) (©

The direction of the force was found using the right hand rule for the force
exerted by the magnetic field on top of the sheet.

Part c¢) Find the distance y above the infinite sheet where the total magnetic
field is zero.

The magnetic field is zero when the magnetic field generated by the current
in the wire cancels out the magnetic field produced by the current density in
the sheet.

The magnetic field generated by the wire is:

if o
= 7
2mr (7)

w

Where r is the distance from the wire.
So the distance y can be found by equating the two fields:

ifpo _ fos if
B =B, — - Sy = 8
21y 2 Y wJs (8)
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Problem 5 - Solution

A metallic rod of length L can slide right and left on two conducting tracks of a circuit as shown in the figure below.
The rod moves with velocity v in the presence of a magnetic field B. The field B is generated by an infinitely long
vertical wire placed at a distance a from the circuit. A constant current I passes through the wire.

The rod and the tracks of the circuit have a resistance R. Neglect the friction between the rod and the track
and the inductance of the circuit. At t = 0 the rod is located on the left side of the circuit at a distance a from the
infinitely long wire. The rod moves with constant velocity v.

a) (6pts)

[ Find the direction and magnitude of the current in the rod at time 7. ]

Let 2 be the unit vector pointing out of the page and X be the unit vector pointing to the right, the direction of motion
of the rod. The magnetic field produced by the wire at a position rX is:

I
B-—- 1% (1)
2mr

That is, pointing into the page. For our purposes, r = a + x(t) where x(t) = vt is the distance of the rod from its starting
position. At a time ¢, then, the flux through the loop is given by:

g L/ Kot gpr Moty 2 2)
o 2m(a+a) 2r  a+xz(t)

where x(t) = vt as before. Faraday’s law then gives the induced EMF as:

_ @ _ polLv
dt 27(a+ot)

The current induced in the wire is then given by |€] /R by Ohm’s law:

u()IL’U

" 2rR(a + vT) @

Iinduced (T)

The direction of this current can be found by Lenz’s law — the induced current should create a magnetic field opposing the
change in flux. The flux increases in the —z direction as the rod moves to the right, so the induced field should be in the +Z
direction. Using the right hand rule, we conclude that the induced current will be upward in the rod, parallel to the
current in the infinite wire, counter-clockwise around the circuit formed by the rod and the tracks.



b) (4pts)

Find the total energy dissipated in the resistance of the circuit at time 7'.

The power (rate of energy change) dissipated by a resistor of resistance R with a current I flowing through it is P = I’R.
In our case, then:

dE ) pdI? L2 v?
P(t) = E :Iinduced(t) R = m (5)

The total energy dissipated is then the integral of this:

T 27272,,2
E(T):/O e

472 R(a + vt)? ©)
27272,2
pgl=L7v
— |F(l)= —MMM—
(T) 472 Ra(a + vT) @

c) (5pts)

Find an expression for the force required to maintain the uniform motion.

The magnetic field from the infinite wire will exert a force on the induced current:

27272
. uel“L*v
F(t) = LLinqueed(t) X B(vt) =(—X) ———— 8
(1) = Linaucea(t) X B(vt) =(—5) =" (5)
We need an equal and opposite force F,, to maintain uniform motion:
27272
. pgl*Lv
F,t)=%————— 9
®) X4W2R(a+vt)2 ©)

The energy dissipated by the resistor will be replaced by this force, so that the kinetic energy of the rod stays constant.



Problem 6

a. By Faraday’s Law

1ddp
i=—=—
R dt
1
~ pond (0)ma? cos 0
N Rt
3
in the positive éﬁ direction 1
> 1(0)t ' '
Biot = Honl (0}t 7 M sz — KO ingx
T 2a 2a
24242
c.
A = 7a®(cos 0z + sin %)
pn=1iA
T=pmX Btot
1
pén2I1(0)?72a* cos O sinf
N Rt2
3



Problem 7 Solution

(a) We first note that the pressure balances the elastic force:

PA=kAz = | P = FAT
A
The temperature is then given by the ideal gas law,
P
PV =nRT=T= —V
nR

The volume is %, n = 1, and we plug in our answer for the pressure to get

B kAxV
 2AR

(b) After along time, the two sides of the box will have equal temperature and number density and therefore
equal pressure. Thus, the spring must be in its equilibrium position and exert no force. We then note
that the total change in energy (the change in internal energy of the gas plus the change in elastic
energy of the spring) must be zero because the container is adiabatic and does no work as a whole:

1 1
AEi + (2k (0)% — QkAxQ) =0=|AEy = %kAxQ.

(¢) To find the final temperature, we use the change in internal energy:

AB, = gan L p_ kAaV 2 ABw | kAx (AJ; v ) |

94R "3 wr | R 3 T2a

3 24

The final pressure is simply given by the ideal gas law,

nRT Azx 1

(d) For this problem, we note that entropy is a function of state. We then find a reversible process that
leads us to the same final macrostate as the process in the problem and compute AS = f % for that
reversible process. In other words, we want the change in entropy for a reversible process with

Volume: % -V

x Ax 1
Pressure: — kAzx (SV + 2A>
T fure: AzV o kAx [ Az n L
emperature: 5 AR = (3 1t31)

There are many ways to do this. We will break this into two processes: isothermal expansion and
isovolumetric heating. The isothermal expansion is

Volume: % -V

Pr o kAx . kAx
essure: I 7 oA
kAzV kAxzV
Temperature: .

9AR  2AR



The isovolumetric heating is

Volume: V — V

x Ax 1
Pressure: — kAzx (SV + 2A>
T pure: A2V KAz (Az  V
emperature: SAR 7 3 i)

We will now compute the entropy change for these processes. Starting with the isothermal expansion,
we have AU = Q — W = 0= @Q = W. Therefore,

_Q_W_l/ , ,_1/nRT ;L /V v
AS_T_T_T P(V)dV—T T dV—R% V,_Rlnz

For the isovolumetric heating, d@Q = %anT = %RdT for n = 1. Therefore,

kEAx

dQ 3 dT 3 ® (5 +95) g7 3 2AAL
as /T /QRT 37 s 7 ot {1t 5y

2AR

We then sum the two changes in entropy, obtaining

3 2AAx
ASR(1112+2111 <1+ 37 >>
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