Midterm 2 @ 2019-12-14 11:47:09-08:00

EECS 16B Designing [nformation Devices and Systems [1
Fall 2019 UC Berkeley Midterm 2

. Stability (14pts)

Consider the complex plane below, which is broken into non-overlapping regions A through H. The circle
drawn on the figure is the unit circle |A| = 1.

Im(A)

1j

Re(1)

Figure 1: Complex plane divided into regions.

(a) (4pts) Consider the continuous-time system 4x(t) = Ax(t) + v(t)
and the discrete-time system y(r + 1) = Ay(t) +w(r).
In which regions can the eigenvalue A be for a stable system? Fill out the table below to indicate
stable regions. Assume that the eigenvalue A does not fall directly on the boundary between two
regions.

A|/B|C|D|E|F |G| H

Continuous Time System x(z) || O | O[O O[O | OO |0
Discrete Time System y(t) OlO0O|O0OlO|O01O0O|1010

Solution: For the continuous time system to be stable, we need the real part of A to be less than zero.
Hence, C,D,G,H satisfy this condition.
On the other hand, for the discrete time system to be stable, we need the norm of A to be less than one.
Hence, A,B,C,D satisfy this condition.

—_
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(b) (10pts) Consider the continuous time system

d
Ex(t) = Ax(t) +u(t)

where A is real and A < 0.
Assume that x(0) = 0 and that |u(z)| < € for all 7 > 0.
Prove that the solution x(¢) will be bounded (i.e. 3k so that |x(7)| < ke for all time ¢ > 0.).

(Hint: Recall that the solution to such a first-order scalar differential equation is:
1
x(t) = xpe* + / u(t)e* " dr
0

You may use this fact without proof.)
Solution: Start by taking the abolute value of both sides.

|x(1)] = xoe’l’—l—/otu(r)ek(tr)d’r (1)
- /0 "u()eM It @)
< /0 Nu(r)er )| ax 3)
_ /Ot\u(f)y\ewﬂ dc @
<./Ot£‘ek(’f) dt )
_¢ /0 JEICIP ©)
_¢ /0 PIC e 0
. e“l—l )
:g.l_i_l 9)
<e- _—I)L (10)

We have written things out in gory detail, you didn’t need to call out each of these steps.
Hence the solution x(¢) will be bounded. In the above, we used the following integration:

d 1 1 ! 11 M1
A=) g7 — m./ Atgr (L a) e (LD ) _
/Oe T e Oe T e < )Le >0 e <l 2‘e ) A,
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. Computing the SVD (10pts)

Consider the matrix

4 -3 0
A_[3 4 0

Write out a singular value decomposition of the matrix A in the form ULV’ where U is a 2 x 2 or-
thonormal matrix, ¥ is a diagonal rectangular matrix, and V is a 3 x 3 orthonormal matrix.

Solution: We can calculate the singular values of A by finding the eigenvalues of
25 0
T _
AA = ! 0 25]
and we see that the eigenvalues of AA' are both 25, and hence
500
E= [0 5 0] ’

Then, we can find U by finding the set of normalized eigenvectors of AA". Here, we see that

1 0
1]
Finally, to find V, we can calculate
5 00
Ux = 0 5 O] '
Recall that A = UXV . We observe VT is
4 3
= —= 0
5 5
T 3 4
Vo=15 5 0],
0 0 1
which gives us
4 3
530
0 0 1

This completes one possible way of doing a singular value decomposition of A:

1 0|5 00
0 11{0 5 0

[9,1[98)

A=

(@ X[ FIEN
[=XVIEN
- o O

Another way to do this problem is to start from

25 0 0
ATA=10 25 0
0 0 0
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with corresponding eigenspace

1 00
V=10 1 0
0 0 1
To find U, we can simply calculate
1 0 O0f[: O
— 5 4 3
U:szl:[;l 43 8] 0 1 0|0 3 :[g 45].
0 0 1]]0 O >0

This completes another possible way of doing a singular value decomposition of A:

>

|
(TSN
wis |

Ll
| I
1
S W
wn O
S O
| I
S O =
S = O
- o O

There are essentially infinite possible ways of getting a singular value decomposition, and as we saw in
homework, the SVD is not unique. However, your solution of the SVD must satisfy the requirements that

500

Trr Ty — —
v'v=1LV V-I,Z-!O s 0

],andA =Uxv'.
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. Outlier Removal (14pts)

Suppose we have a system where we believe that a 2-dimensional vector input X leads to scalar outputs in a
linear way p’ ¥. However, the parameters j are unknown and must be learned from data. Our data collection
process is imperfect and instead of directly seeing p’ ¥, we get observations y = p’ ¥+ w where the w is
some kind of disturbance or noise that nature introduces.

To allow us to learn the parameters, we have 4 experimentally obtained data points: input-output pairs (X;,y;)
where the index i =1,...,4.

and §= 1 5000

300

A W o=
S = NN
~J

Then we can express the approximate system of equations that we want to solve as X ~ ..

(a) (6pts) Suppose we know that the third data point ( ?

to effectively remove it from the data set. We decide to do so by augmenting our approximate system
of equations to be

,5000) may have been corrupted, and we wish

X,d]

f]'j] ~7. (11)

Mark all of the following choices for ¢ which have the effect of eliminating the third data point
from the data set if we run least-squares on (1)) to estimate p. Fill in the circles corresponding to
your selections.

0 1 0 0 0 1
0 0 1 0 0 1
00700700701700701’
0 0 0 0 1 0
0 1 3 0 0 0
1 0 0 3 0 0
Olil- Olol- ©lel: ©lal O3] O],
1 1 0 0 0 3

Solution: We need to choose a vector that spans the space of the third data point. Hence, the vectors
to choose are

and

o= O O
S W o o
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(b) (8pts) Now suppose that we know that both the third data point ( F] ,5000) and the fourth data point

4
(ol
decide to do so by augmenting our approximate system of equations to be

300) have been corrupted, and we wish to effectively remove both of them from the data set. We

X.d,b] | fu| ~5. (12)

Mark all of the following choices for ﬁ,z pairs which have the effect of eliminating the third and
fourth data points from the data set if we run least-squares on (12) to estimate p. Fill in the circles
corresponding to your selections.

of |0 0f |0 0f |0
of |0 0f |0 0f |0
OO’I’OI’O’OO’I’
o] |1 of |1 1 1
of (O 31 |0 of (O
1 1 of |4 0f |0
01717007070373
1{ |0 of |0 4| |4

Solution: We need to choose a vector that spans the space of the third and fourth data points. Hence,
the vector pairs to choose are

and

) )

o - O O

0
0
0
1

- o O O

0
0
1
1
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4. Control (18 pts)

Suppose that we have a two-dimensional discrete-time system governed by:

WIN

)_c'(t—l—l)—[

(a) (2pts) Is the system stable? Why or why not?

Here, we give you that
1 —L 2174 o[-
3= | V5 V5 3
R 2 Tl -
3 6 V55

and that the characteristic polynomial det(A7 —A) = A2+ 22 + 2.

%\“’&\_
S-Sl

Solution: The eigenvalues are A; = —% and A, = —%. The system is unstable because we have an

eigenvector with absolute value greater than 1.

(b) (6bpts) Suppose that there is no disturbance and we can now influence the system using a scalar input

u(r) to our system:

[SS118]

X(t+1)= [ éz X(t)+ | | u(t).
6

1
3
Is the system controllable?

Solution: Yes, and we can see this by writing out the controllability matrix

S 1 -2
¢ = [b Ab} =1, 7|
The columns are linearly independent, so %’ is full rank and the system is controllable.

(c) (10pts) We want to set the closed-loop eigenvalues of the system

W

1
3
-y

6

W

Xt+1)= [ X))+ || u)

1
3 0

tobe A} = —%, A= % using state feedback

u(t) = — [kl kz} ().

What specific numeric values of k; and &, should we use?

Solution: The new system matrix is

and we find the characteristic polynomial

7 2 1 1 2 11 2 7 1
</1+6>‘()~+3+k1>_9+3k2)« +<6+kl>k+3+6k1+3k2-
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Since we want A; = —%, A= %, we would want the characteristic polynomial to be of the form
25
AP—-==0
36
Comparing the terms, we want
2 e 1 by — 25
376737 36
11
—+k =0
6 M
and we solve 1" ;
ki=——, k==
1 6 =3
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. Upper Triangularization (12 pts)

In this problem, you need to upper-triangularize the matrix

3 -1 2
A=1]3 -1 6
-2 2 =2
The eigenvalues of this matrix A are A; = A, =2 and A3 = —4. We want to express A as
M oa b x"

A:[X’S)'Z]'O)Lz el |57
0 0 A3| |[Z7

- = = - = o

where the X,y, 7 are orthonormal. Your goal in this problem is to compute X, ¥, 7 so that they satisfy the above
relationship for some constants a, b, c.

Here are some potentially useful facts that we have gathered to save you some computations, you’ll have to
grind out the rest yourself.

3 —1 2| (2] [v2

2
-2 2 =2 0 0
‘We also know that
21 127 To
2 2
V2 _\V2
2 |’ 2 |’
0 0 1

is an orthonormal basis, and

V2
V2 o_2 gl |3 b2 e 0 0 —2v2
2 2 13 =1 6 |- _% ol = 23 5 |
0 0 1 2 2 o o 1 — -

0 -242

We also know that [_ 03 2 has eigenvalues 2 and —4. The normalized eigenvector corresponding

_ V6 V3
tod =2is [ é ] and [\%] is a vector that is orthogonal to that and also has norm 1.
3 3
Based on the above information, compute X,y,7. Show your work.

You don’t have to compute the constants a, b, ¢ in the interests of time.

Solution: Let V = [y, R] where R = [V}, V,]. We can write

© UCB EECS 16B, Fall 2019. All Rights Reserved. This may not be publicly shared without explicit permission. 9



Midterm 2 @ 2019-12-14 11:47:09-08:00

NG
2
where Q = R"AR. Here, X =¥y = @ . Continuing above, we know that
0
V2
N 3 -1 2 50 -
-2 2 =2 0 1 B B
_ V6
O has eigenvalues 2 and —4. The normalized eigenvector corresponding to A = 2 is iip = \/?? . Then, we
3

V3
choose i} = [ \;6] so that iy and i form an orthogonal basis.
3
Then,
2 g v
2 _ V6 3
i |2 ol | F] -] 4
o 1| L3 V3
3
Ve
% ol 4] |
{=Rily = | - |78
0 1 3 V6
3 -
Finally, we can find the values of a,b, c by
V2 2 ) 3 6 |
N N T T N Y E Ve 2 0 43
Ve Ve Vol |-2 2 2|9 B3 e 00 —4
6 6 3 3 3

Hence, we have

a=0
b=4V3
c=0

which completes our upper triangularization.
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. Minimum Norm Variants (52 pts)

In lecture and HW, you saw how to solve minimum norm problems in which we have a wide matrix A and
solve AX = y such that X is a minimum norm solution: ||X|| <||Z|| for all 7 such that A7 = y.

We also saw in the HW how we can solve some variants in which we were interested in minimizing the norm
||CX|| instead. You have solved the case where C is invertible and square or a tall matrix. This question asks
you about the case when C is a wide matrix. The key issue is that wide matrices have nontrivial nullspaces
— that means that there are “free” directions in which we can vary X while not having to pay anything. How
do we best take advantage of these “free” directions?

Farts (a-b) are connected; parts (c-d) are another group that can be done independently of (a-b); and parts
(e-g) are another group that can be started independently of either (a-b) or (c-d). If you can’t do a part,
move on. During debugging, many TAs found it easier to start with parts (c-g), and coming back to
(a-b) at the end.

(a) (8pts) Given a wide matrix A (with m columns and n rows) and a wide matrix C (with m columns and
r rows), we want to solve:

min _ ||CX|| (13)

X such that AX=y

As mentioned above, the key new issue is to isolate the “free” directions in which we can vary X so
that they might be properly exploited. Consider the full SVD of C = ULV ' = Zle Gc’iﬁ,-\_f?. Here,
we write V = [V, V] so that V.. = [V}, Vs, -+, V] all correspond to singular values o.; > 0 of C, and
Vi = [Vi41, - , Vi) form an orthonormal basis for the nullspace of C.

=

. . . = X . . =2
Change variables in the problem to be in terms of x = [-N»‘] where the /-dimensional x, has components

Xf
X.[i] = o4¥] %, and the (m — ¢)-dimensional }Vf has components xy[i] = VZH)?. In vector/matrix form,
XfZVfT)"c’andxC: . ] .| V.T% Ordirectly, x = |2¢| = A R
. . . : Xf
0 0 - «
0 o --- (07 , {
i Vi ]

Express X in terms of 55} and x,.. Assume the o # 0 so the relevant matrix is invertible.

What is ||CX|| in terms of ;Tf and x.? Simplify as much as you can for full credit.

(HINT: If you get stuck on how to express X in terms of the new variables, think about the special case
when { =1 and a; = % How is this different from when oty = 12 The SVD of C might be useful when
looking at||CX||.)

Solution: Let us give a name to the matrix

a 0 ... 0
B— 0 op ... O
0 0 oy
Note that we can write
X =BV'x

© UCB EECS 16B, Fall 2019. All Rights Reserved. This may not be publicly shared without explicit permission. 11
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and

Since V. and Vy are orthogonal to each other and form a basis for the space, it follows that we can write
X = Vewy + Vewo. Then, the above two equations directly imply (since VCTV_,» =0and VfT Ve =0, and
VCTVC = [ along with VfT Vr=1) that

— —

wi =B ‘X, w» =Xr

This implies that we have
X

=V.B~'%. +Viis

#= VB vl [

Xf

The above is written in more detail than we expected, but is done so that those who didn’t understand
can better understand.

Then, we see that

|cx|? =x"ccx

=x'vzluTur.v'x
= (V.B'Z+ViZ) VEI S VT (V.BT'E +ViZ))
ot 0 - 0 00 --- 0
. 0 o7 - 0 oo - 0|
=3B! e N N
o o -- Gzz 00 --- 0
- - (14)
O
a Y 0
|0 3 0.
L
: ;
0 0 o
2
- O;
= ()ZC[’])2' )
L o

Above, we relied crucially on the fact that VCTVf would give Os while V."V, gives an identity and so
does VfT V. This is what allows us to effectively break the huge ¥ ¥ matrix into two relevant pieces
— one containing the diagonal square matrix with the squared nonzero singular values and the other
filled with zeros.

Hence, the norm ||CX|| is

1 1

! 2
3l = | B0 (Z)
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(b) (12pts) Continuing the previous part, give appropriate values for the ; so that the problem (13)
becomes

R ()
= |}~ :| such that [A;,A] |:: } =y
Xf Xf

Give explicit expressions for A. and A in terms of the original A and terms arising from the SVD
of C. Because you have picked values for the ¢, there should be no ¢; in your final expressions for
full credit.

(HINT: How do the singular values o, ; interact with the o;? Then apply the appropriate substitution
to (13) 1o get (13).)

Solution: From the equation we derived in the previous solution we see that in order to have
|Cx|| = ||%.|| we should choose & = 61,0 = 03,...,0; = 0. Then, by substituting

- - e
f

which we derived from the previous part into AX = ¥ to get the desired

oy ] s,
X f

1

o Y 0

O — ... 0

we immediately see that we should choose A, = AV.B™' = AV, . 02 and Ay = AVy.

1

o o0 ... 5

(c) (5pts) Let us focus on a simple case. (You can do this even if you didn’t get the previous parts.)
Suppose that A = [A.,A] where the columns of Ay are orthonormal, as well as orthogonal to the
columns of A.. The columns of A together span the entire n-dimensional space. We directly write

S| X " S " oo

X= ; so that AX = A.X. +AfXy. Now suppose that we want to solve AX = y and only care about
f

minimizing || X, ||. We don’t care about the length of Xy — it can be as big or small as necessary.

In other words, we want to:

min [ (16)
X= |:x£:| such that [Ac,Af] |:x5:| =y
Xy Xy

Show that the optimal solution has Xy = A]Ty’.
(HINT: Multiplying both sides of something by AJT might be helpful.)

Solution: The optimal solution satisfies what all solutions must satisfy:
V=AX=AX, +Afff'
and hence we can multiply both sides by A; on the left side to get

AfY=AfAZ+AfARp =0+1 3 = 7).
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(d) (8pts) Continuing the previous part, compute the optimal X.. Show your work.
(HINT: What is the work that X, needs to do? y — A fA;)7 might play a useful role, as will the SVD of
A= Zi Gz?zW’,T )

Solution: From the above question, we have
F=AF. + Ay =AX+AfALY

which can be rewritten as
AX, = (I _AfA}r))_;

and since we want to minimize ||X.||, the solution will be

jgc = AZ (I - AfA}—))_f’
where recall that Al is the Moore-Penrose pseudoinverse of A,. To calculate the pseudoinverse, let

Ac=Y oni] =T[5, 0|wT.
i

Here we want ¥, to be the square matrix of nonzero singular values. Then, the pseudoinverse of A, is

given by
-1
Al=w [ZB ] T'.

Finally, the solution we want is

. —1 | -
w5 | T e - ans

: Oi

Here, we’ve kept the fuller form of the SVD while computing the pseudo-inverse to show the shapes
involved, but the above could also have been done easily using the compact form of the SVD, or as we
have written, the outer-product form.

However, it is interesting to ask the question whether this special case can be further simplified. And
indeed, it can be. Notice that the columns 7; span the columns of A, and in this special case, we
have said that the columns of A, are orthogonal to the columns of Ay. This means that ; A; = 0.
Consequently,

- R . AP BN )Yl
Yo=Y Wi )G (I=ApAp)F = Y Wi )G Y =W [ o ] TTy=Aly
i J i i
This is also a fully correct answer for this special case. The psuedo-inverse for a matrix that doesn’t
have a full column rank automatically contains an implicit projection-type aspect to it. This is some-
thing that you could have suspected from the MIMO HW problem’s exploration of the connection
between least-squares and minimum-norm solutions.

(e) (5pts) Now suppose that A, did not necessarily have its columns orthogonal to A ;. Continue to assume
that Ay has orthonormal columns. (You can do this part even if you didn’t get any of the previous
parts.) Write the matrix A, = A.| +A.y where the columns of A are all in the column span of A
and the columns of A are all orthogonal to the columns of Ay. Give an expression for A.; in terms
of A and Ay.

© UCB EECS 16B, Fall 2019. All Rights Reserved. This may not be publicly shared without explicit permission. 14
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(HINT: What does this have to do with projection and least squares?)

Solution: We can see that A.r is the projection of A, onto Ay, and hence we can directly get
Acr=A fAJTAC since the A has orthonormal columns. This is the style of projection we did when we
speeded up OMP, and it is also the combined mode of projection (a whole matrix at a time) we used
when we did system identification using least squares.

To expand the argument, we can also do it the following way. Note that

AfAc=AfAc +AfAcs =AfAy.
Since A,y is in the span of A ¢, we can write A,y = AyW for some W. Then,
AfAc=AfAW — W =(AfAy) 'AfAc = AfA..

In this case, we didn’t need to write out the SVD of Ay to get this inverse term. This is because we
assumed A s is orthonormal and hence A}A r=11s known.

Finally, recall that we defined A.y = AyW. Then, we conclude

A =AfAfA,.

(f) (8pts) Continuing the previous part, compute the optimal X. that solves (16): (copied below)

min (A

= [?} such that [A.,Af] {f°:| =5

Xf xf

Show your work. Feel free to call the SVD as a black box as a part of your computation.

(HINT: What is the work that X, needs to do? The SVD of A., might be useful.)

Solution: Note that ¥ can be written as y.; + Yy such that .| is in the span of A, |, and y; is in the
span of A;. By projection, we have y; = AfAJT§ and y.| =y —AfA}j/’ =(I —AfA;)fz. On the other
hand, the amount X, contributes to y.| is A.; X.. Hence, all solutions must satisfy:

A T = (1 —A fA}) 7.

Notice that we couldn’t have just used A, here instead of A.; because we don’t really know what A, | X,
must be — it is allowed to have some components in the subspace spanned by A;. However, A, X,
cannot have any components in that direction by construction, since every column in A, is orthogonal
to the entire subspace spanned by A .

Anyway, because we want to minimize ||X.||, we solve this as
o 4t T\ =
%o =l (1-4547)5.
To calculate this pseudoinverse, let
Al =Uc [ECL 0} Vc]_
Then, the pseudoinverse of A, is given by

-1
ZCJ_

- Ul

AZJ_ = Vel
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(2

Hence, the solution we want is
—1
ZCL
0

Xe = Vel

Ul (1-4547)5.

Once again, we can notice that because the columns of A.| are orthogonal to the columns of A by
construction, that this also carries over to the relevant columns of U, (the ones that correspond to
nonzero singular values). Consequently, the above can be simplified further to:

-1
ECJ_

. T=
Xe = Vel 0 ch_y

by again implicitly leveraging the connection between minimum-norm solutions and least squares. We
didn’t expect any students to necessarily notice this fact that the pseudo-inverse of A | effectively can
do all the work itself.

(6pts) Continuing the previous part, compute the optimal X;. Show your work.

You can use the optimal X. in your expression just assuming that you did the previous part correctly,
even if you didn’t. You can also assume a decomposition A = A.| + Ay from further above in part
(e) without having to write what these are, just assume that you did them correctly, even if you didn’t
do them at all.

(HINT: What is the work that Xy needs to do? How is Ay relevant here?
Solution: We have

AcX, +Afff =Y. (17)
The simplest aproach is just to collect the terms and solve for X by noticing A Xy =y — A.X. and so
Xp = AJI)—}’—A;AJQ. You could just stop here for full credit.
Replacing A = A, | +A.r and then using A,y = A fA;AC as derived in part (e), we have

Ac X+ AfA[ AR +Afiy =7, (18)
First, we multiply A; on the left for both sides and recalling A;AC 1 =0, we get
AFAX+Xp=A[5.
This again implies that
X =A;y—AfAX. (19)
So doing this substitution doesn’t really buy us anything more.
Although you have worked out the problem here for the case of Ay having orthonormal columns, you

should hopefully see that you actually could use what you know to solve the fully general case. But
those parts will have to wait for the final exam.
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