MATH 54 FINAL
December 19 2019 11:30-2:30pm

Your Name

SOLUTIONS

Student ID

No material other than simple writing utensils may be used.

Do not turn this page until you are instructed to do so.

In the event of an emergency or fire alarm leave your exam at your seat and meet with your
GSI or professor outside.

This exam consists of 5 problems, each has questions (a), (b), (c) that test skills at level C, B, A in the
general topic areas

1) Matrix Algebra

2) Abstract Linear Algebra

3) Ordinary Differential Equations

4) Linear Systems of Ordinary Differential Equations

5) Fourier Series and Partial Differential Equations

Each part of (a) yields full or no credit, and you don’t need to show work. To ensure credit please put
each answer (and only the final answer) into the given box. Empty boxes will receive automatic score
0, so if your answer is elsewhere, put at least an arrow into the box.

Parts (b).(c) can yield partial credit, in particular for explanations and documentation of your approach,
even when you don’t complete the calculation. In particular, if you recognize your result to be wrong
(e.g. by checking!), stating this will yield extra credit. On the other hand, wrong or irrelevant state-
ments mixed with correct work may result in reduced credit.

When asked to explain/show/prove, you should make clear and unambiguous statements that would be
accessible to another student. In particular, use words or arrows to indicate how formulas relate to
each other. You may use any theorems or facts stated in the lecture notes, script, and the book sections
covered by the course — after stating them clearly. If you wish to use theorems or facts that you may
know from other sources, you need to include proofs that derive them from the course material.
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[8] 1(a) The reduced echelon form of the matrix
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Let A be a square matrix. It is defined to be invertible if ...

thove is @ matrix B so thet AB=T, BA=T
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[6] 1(b) Find the set of solutions x € RB? of the equation l -2 4 1 ] X = [ —1 ] .
0 0o 2 10

Then state the general solution principle for inhomogeneous linear equations of the form T(x) = b,
specify T and b in this example, and explain how your result is an example of this principle.
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For work on this page to be graded, label it with problem number and write “XTRA’ at that problem.
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[6] 1(c) Consider the linear transformation 7 : R* — R*, y | = Jy—=z L= A Y
z e

Find a diagonal matrix /7 and a basis B of R* so that the matrix for 7" relative to B is [T]z = D.
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2(a) A linear transformation 7" : V" — W is defined to be one-to-one if ...

T(x)=Tty) ody for x=y

The span of two vectors vy, v, in a general vector space | is defined to be ...

He st of lneo Combinations c v,+Cyv,
with ¢,,c2€ R

Given the basis 5 = {(1 + )%, (1 — )%, 1} of [P, the B-coordinates of j(1) = 2(* are

[}
(l""&)z = '4"2'& +-E7'
: (1) +-2¢ +4
L“]a:' —2 ‘2-' _2

Find the matrix representation of the linear transformation 7" : Py — Py, p(t) — %p(t} relative to the
standard basis B = {1, 1, t%}.

|—o0 ~ ¢
o1 6 tra |~ [2]

ms= 16 0 2 tt—2 2t ~ [g
060 ]




[6]  2(b) Recall that R?*% = M., is the vector space of 2 x 2 matrices with real entries. We define a map
T:R¥? 5 B2 A+ BA by multiplication with a fixed matrix B [i ;

Show that T is linear and find a basis for its kernel. (11int: ‘I'his basis should consist of 2 > 2 matrices.)

T(A+W) = B(A+W) = BA+BW =TAT l(w)
« T (cA) = BcA =c BA forcelk
b-/ Proln/tl'c.s o £t matix nuléi/d‘mﬁ‘w,

fomt: ([ 4])=[13][e ] - [ v -

& atc=0,btd=0

st (M= 5] ey

bascs : [_|| g] ) _2 -I\’}
Allp-mative: A=[8,8:] €lwret(T)
& BA=0 < Ba=0 and B2,=0
So from Nul(3)=span{[ 1} we 2%
kwultT)c{A{c[-:] 4[+1] lc,delk}

=spf[21,[0 7]
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For work on this page to be graded, label it with problem number and write “XTRA’ at that problem.



[6] 2fc)LetT : ™ — V be a linear map to a general vector space V', and assume that T'(e), ..., T (e, ) is a basis
of V. Use only definitions and algebra (no theorems) to prove that solutions of T'(x) = v exist and are unigue
forevervv e V.

T(x) = %x,Tle)+ ...+ Xn T (€n) =V

Finding x , thet is X,--Xn€ R, For . given V' memns
{:indc'ng tle wﬂ"“ts for w(l:ihj v as linea— com benablon
of TTe),.-Tlen). So exisiace of solutions For all veV/
¢S quzw&.t “ 1(e,).. Tle.) spanning V

Um.'quehess ot solutions Unplies in Pwt‘l-'ca/w
T(x)=0 oy for x=0 (since T(0)=0 by binearty ).
Now x, Tle) + ...+ xaTlea) = O ouﬁy forr x=0 Cs

exactly te definition of Lineo indsptmdimee of Tle) - Tie)f
Finally, linea indopemdbnce of Tle,)... TlC ) implies -Ghat

He sotution 6F T(x)=0 (s unipe (namely x=0), ord
this imphies unigueress of sobutions fo ot ve V/
T(x)=V ad T(Y)=Vv Hor asy vel/
= T(x-y) =Tls)-Tly) =0 by birearity
= x-y =0 by uniqueress for v=0

= Xx=X¥

\
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r|=0 ~»r==%1(
3(a) The general solutionof 4" +y =0 s

- C cnt +Cypmt for ¢,c.e R

rt-6r+9 =0
The general solution of 4" — 6y’ + 9y =0 s r= 3 2 V 31—9 = 3 [d"‘“)

y(t) = c.e?""-\—czte?**’ with ¢,,cq€R

A (particular) solution of ¢ — Gy + 9y =3t + 7 is

y(t) = —é‘l;.pl

Ansatz: yl)= at+b -6 () + Y(at+b) = It+7F
7' =@ 9o =3 az='l
- @
y'= © 42-6‘0.1-35:?’ 9Pp=?+6-3
Z
a= §|b=|

Given two smooth functions ¥ (), y2(f) of —00 < t < oc, write “none”, “=7, <", or “<” into the
box for the implications between the following statements:

i1, 2 are linearly independent in C™ G det [3! Ef“% zfﬁuﬂ # (0 for some /y € .
1lto a2l b




[6]  3(b) Find the solution of 4" +y =sin3t, y(0)=0. ¢'(0)=0.
Hint: Use the first part of 3a).

Ansatz: yir)= Aaw 3¢+ By 3¢
y!'= -3As-3t +3Ben3t
y'= -9A 3t — B =3t

%3”': ‘/"*)’= (-9A+A) co 3t + (-9B +B)a-3t = S
-2A -9

50&»&’ A:o ) 'B":;,_‘
Gorsnd shation - () = -5 m3& TC st + Copont

Snibial cordilros: O=YyO) = O+ O0CGTCo &2 C220

—3 - ® O
O=Y|IO) = §C¢03'L'L=o +Cicn Cy o~

(= C,—§'=O




For work on this page to be graded, label it with problem number and write “XTRA’ at that problem.



[6]  3(c) Find the general solution y() of T'[y| = #* and explain why there cannot be any other solutions,
using only definitions, algebra, and the following information:

a) T : C™ — C™ is a linear transformation. } > —rl:J 1‘;2" A - _{:2
1 — Y -2

b) T[t? + 1] = —4t?.

¢) The kernel of 7" is spanned by 1, (f) = e, yu(t) = 72,

Tlyl=t* & Tlyl= T [-445
& T[y+3lt3)] =0
= y{t)+#[-(;2—r-,';) c e "'Czeu-

for some Ci,C2€R

ED ylY) = Hehd) + et rc e
'F9"'C|, C2€& 7k
This tstha gornd solution (i.e. thaysolie, amd pore
are no ofter solutions) because each stp above is an
equivabne.



[8]  4(a) The general solution of x' = [? _02} X is

2¢(s 2 [ o
x)=| [.]*‘ e [u]

. W 3, -2 0
. -Z-Q.Macc. Spowned Ly [' }
* 3-cigaspace =pNd [‘o _g-] Spasred by [ﬂ

If areal 2 x 2 matrix A satisfies A { i ] = (2 —3) [ i ] then the general solution of x' = Ax is

2 w:?*] ze[""‘?"]
x() =€, € [%% +t G e |am3t
ForC.,CzﬁrR
&[] = & (emrt -isa2t) ([5]4:[])
= & (w03t [} _azmt[ﬂn{z»u[?]—ﬁ*?f[i]))
i)~ [E]

Co 3t

The fundamental matrix X () of an ODE system x' = Ax is defined to be ...

any modrix Function that sbres X'=AX
ond X ) %0 For some (ardl naal) te R

albernative » X [#)=[=10) - %al)] whae x .. x, is
a bagts of Yo sot of sdlndims



[6]  4(b) Find the solution x(¢) of x' = [} _BJ x, x(0)= {[] }
. a:?..va&«es: At ['—')\_g_ ] = ()\-I)U\-r?.a) -5
= \'42)-3-5 =0
& A=-| tVTFrg =-1t3 = 4,2

e [ ] w7 ] sty [1]
A=2: VL FIZ;A:M{—“ ﬂ Sprand by [ls]

=73Waﬁfﬁ4ﬁw|' x(—b)—ceq*[lj-fczeu[f-
« initiol vobme = x(0)= C\ "‘Cz ] [6-

c,=5

Ci+C2=6 Scatc,=6 S22

=  x(t)= Sé%[_,'} +eu[|5]
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For work on this page to be graded, label it with problem number and write “XTRA’ at that problem.



2 3
[6]  4(c) Show that x, () = { 2(; } L xu(t) = { _J:.z } are linearly independent as R*-valued functions.

Compute their Wronskian, and use it to explain whether x;, x; can solve the same system x' = Ax.
G E,(‘E) + C-;_Ezt‘t) =0 fr 2 ¢t
Shows

t'lué/hw‘ug

ch‘tz‘l" Cz‘é's: O

=
¢ (C‘f + 20;-67":0

ZC( + Co =0 ('F"o’"'b=l)

7 -6c, +3C,=0 [(fromt=-I)

> C,=-2C, = 2¢2=0 = =C=0
Ca = 2C, C.=2¢,
260 L3 _ o4t Lt =0 forlt
] . —z‘b Bt

X, X carnot sibre Ye sawa ODE Systom X'=Ax lecause
ot they did, thon WI+) =0 for someteR woubl imphy
(by 'anfhm—ﬂm,""> _bt‘at_ X%, W&MMy M”M



[6]  5(b) Find the solution u(f, x) for 0 < & < 7, ¢ > 0 to the initial-boundary value problem

;) % Ju o -
ey —f_}” (t,0) =0, u(t, m) =0, u(0,2) = cos(ix) — cos(Lx).
dr 2 2

a N r');r.-"
WV .0

o Fourier Ansatz : wlt,¥) = Z Cn(t) cod (ntd)x

n=0

CHeck : axulxso;_zcn(:l') (-n-3) s O = o
W [sewrr = Talt) cn(nefim = O
. Peﬁa o PDE: 9.,; w= 2 C:, (t) ) (n+d)x

f
Uk = T G lt) (D (n+y) cn(neidx

ED Ch= - ki) Ca

R P&,,? cnbo Lnitial conolitions: i Cnl0) coy (n#t)x = cm 3>

n=0

& Golo)=1 , c3l0)=-I

/
‘-\(_3+4;-_=;)
e She: C.()=0 eswpt for

ro: Cle-tUNG = -G = G)=ch)E=E"

' -434
n=3:  C3= -4 (348 =-49C3 D Gl =gbe

st
-e
- phmy bock
ppbks
Wibx)= & cnex -e

k3t
an %‘-x
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_—_é)hOdd : bn

S(a) Fill in the ... below.

The Fourier Sine series of a continuous function f : [0, 100] — R is

f() ~ Zb som (n T x)

n=|

with coefficients given by the inner product formula
b, = $Ff. (nex) 2
n 2
| o (~Z )]
t
2 —
These coefficients are also given by the integral f%(“" “) D‘X (00O - — =50

= 55 SF(x)sm(n Tx) dx

The coefficients (as defined above) of the Fourier Sine series of f(x) = sinaz on [0, 100] are
A\

=0 exapt for b= | o (o0 55)

The Fourier Sine series of () =1 on [0, 100] is

1~ Z _n,: S‘M(" ) 1r(u+() > ((wl)%
nodd

(

ﬁ.;,'..(n%)()dx = a)h—x)] 64)0 c) nTm

5 N —
=|-| fornewm

= [+ fornodd

n even : bn—-'
R P
50 Tn mnNn



For work on this page to be graded, label it with problem number and write “XTRA’ at that problem.



[6]  5(c) Consider the PDE problem for a function u(t,z,y) of 0 <z <m0 <y <mt >0

3;2*:3—:*:—%” "}im ), y) = 0, —f ry) =0, u(t,z,0)=0, ult,z,7)=0.

Find the general (formal) s mm%mc form u(t,z,y) =3 Conr() X ()Y (y) by specifying
Cnree Am. Yo up to some constfft ﬂhm»»ourwom(nodmnu dmtkﬁnl»mﬂsomuon solves the problem.
Zc...,..tHX..'.lo)‘/..(y) =0 T Cnb8) X (M) Yaly) =0

2 T
Xml0)=0 Xm(W)=0

&S Z
XmlX)=Cdmx m=0,1,2,---

0= MH',X.O) = Zch.h"“)xh(x)anO) @ %lo)_;'o@
Valy) = mny
n=|,2,..

0= wltx )= 2 Cmnl)Xnld Yotr) & VYatm=0%

Q}u = Z C.'.',',, comx Smhx
(
B}M‘fa‘}u = 2 Cm,h ('mz) Coymx S NX + ZC'MH coymx (-nz)hl.nx

(s satistieol f for all mn
G::'n H:) = - {Mz'l'hz) Cm‘n lt)

& Crnlt) = Qnﬂ@‘m%—n‘-& + b.. fom Vintin? ¢
with
=> Formal Sotution Gt s e B
Mle17)= 2 Zem cOVmenTE + bmc.:.m..imi'f) comx - Smny

mM=0 p=



For work on this page to be graded, label it with problem number and write “XTRA’ at that problem.
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