ME 104: ENGINEERING MECHANICS II Fall Semester 2012
Department of Mechanical Engineering
University of California at Berkeley Professor Oliver M. O’Reilly

Final Examination
Monday December 10, 2012
8:00 am to 11:00 am
234 Hearst Gym

Closed Books and Closed Notes
For Full Credit Answer All Four Questions

Useful Formulae

For all the corotational bases shown in the figures
e, = cos(0)E, +sin(0)E,,
e, = cos(0)E, —sin(d)E,. (1)

The following identity for the angular momentum of a rigid body relative to a point P will also
be useful:
HP:H+(}_(—XP)Xm\_/. (2)

In computing components of moments, the following identity can be useful:

(axb)-E,=(E, xa)-b. (3)

Finally, recall that the work-energy theorem of a rigid body which is subject to a system of K
forces and a pure moment M,, is

K
T=Fi vi+M, w. (4)

i=1

Here, v; is the velocity vector of the point where the force F; is applied.



Question 1
The Braking of a Rolling Rigid Body (30 Points)

As shown in Figure 1, a rigid cylinder of mass m and radius R is in motion on a rough incline.
The moment of inertia (relative to its center of mass C') of the body is /.., and the position
vector of C' has the representation

x =zE, + hE,, (5)

where h is a constant. The point P in Figure 1 is the instantaneous point of contact.

Figure 1: A rigid body of mass m and radius R rolling under the influence of an applied torque M E. on an
inclined plane.

(a) (5 Points) Using the identity vo = v; + w X (X2 — X1) applied to two points on the rigid
body, show that '
@+ RO =0, (6)

where w = 0E, is the angular velocity of the rigid body.
(b) (5 Points) Draw a free-body diagram of the rolling rigid body.

(c) (9 Points) Using balances of linear and angular momenta, show that

F; = —(74+mgsin(¢)) E,,
N = ?77E,,
(L. +mR?)§ = 77242772, (7)

For full credit, supply the missing terms.

(d) (5 Points) Starting from the work-energy theorem, prove that the change in total energy
of the rolling rigid body is equal to the work done by the applied moment M,E.. For full credit,
provide an expression for the total energy E in terms of m, h, x, I.., R, g, ¢, and 6.

(e) (6 Points) Suppose the body is rolling down the incline and that the applied torque is
used to brake the wheel (i.e., M, > 0 and & > 0). For a given inclination angle ¢ and coefficient
of friction ps what is the maximum torque M!** that can be applied before the body will start
to slide? For full credit, provide an expression for the maximum torque in terms of m, I.., R,

g, ¢, and fis.



Question 2
Tipping Points (20 Points)

In the bottling plant for your favorite beverage, a conveyer belt transports aluminum cans up
an incline. A critical component of the design process for the conveyer belt is to determine how
fast it can accelerate/decelerate the cans without the cans tipping over. A can is modeled as
a rigid body of mass m, moment of inertia relative to its center of mass C of I,, and having
two contact points A and B with the conveyer belt. During its motion, a vertical gravitational
force acts on the can and the center of mass C' of the can has a position vector

H
x =B, + 5B, (8)

conveyor belt

Figure 2: A rigid body being transported with an acceleration aE, by a conveyer belt.

(a) (5 Points) Establish expressions for the angular momentum Hp and kinetic energy 7" for
the rigid body assuming that it is not rotating.

(b) (5 Points) Supposing that friction forces F4 = F4E, and Fgz = FgE, act at A and B
respectively, draw a free-body diagram of the rigid body.

(c) (5 Points) Using balances of linear and angular momentum, assuming that both A and B
are in contact with the conveyer belt, and that the acceleration of the conveyer belt is a, show
that the normal forces acting at A and B are, respectively,

Ny = g% cos(¢) + 45 (ma + mg sin(¢))§ E,,

Np = (%2 cos(¢) — 45 (ma + mgsin(¢)) ) E ©)

Y-

(d) (5 Points) To prevent cans from tipping over either from by conveyer belt accelerating
(a > 0) too quickly or decelerating (a < 0) too rapidly, show that

~ (g7 costo) + sin(@)) < 2 < (7 cos(o) — sinfe) ). (10)



Question 3
A Particle Colliding with a Rigid Body (30 Points)

As shown in Figure 3, a particle of mass m; is traveling with a velocity —uvoE, when it collides
with a stationary rigid body of mass ms. The rigid body of ms is hinged at its center of mass at
O and has a moment of inertia relative to its center of mass of I,,. The rigid body is suspended
with the help of a torsional spring which exerts a moment —K6 on this body. Following the
collision, the particle of mass m; adheres to the rigid body and the composite body is free to
rotate about O.

ey Oml
g\ ‘
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Figure 3: A particle of mass my collides with a body of mass ma. The basis vectors {ey, ey, E,} corotate with
the body and the point C is the center of mass of the composite body (of mass my + ma) consisting of the rigid
body and the particle.

(a) (5 Points) Assuming that the particle adheres to the end of the rod following the collision,
show that the velocity vector v of the center of mass C' of the composite body following the
collision has the representation

v (L> Lie, (11)

my +m2

(b) (5 Points) Assuming that the particle adheres to the end of the rod following the collision,
show that the angular velocity w = 6yE. of the composite body immediately following the

collision is I
my LYy
=—|———E.. 12

(c) (5+5+5+5 Points) Consider the motion of the composite body following the collision.

1. Draw a free body diagram of the composite body.
2. Establish the differential equation governing the motion of the body:
20 = —K0+77? (13)
For full credit supply the missing terms.

3. Establish an expression for the total energy of the composite body and show that the
energy FE is conserved.

4. Determine the minimum speed vy required to ensure that the composite body will achieve
a vertical orientation (f = —90°) following the impact.



Question 4
Balancing a Wheel (20 Points)

As shown in Figure 4, a wheel of mass m;, radius R, and moment of inertia relative to its center
of mass C' of I, is spun about an axle through its center of mass. A mass my is placed on the
wheel at a distance h away from the center of the wheel and this mass induces an imbalance.
In the sequel, the inertia and mass of the shaft are ignorable.

Wheel of mass mq

E, €y
A B
)
L 8¢ | ¥
> —
Ez O Ez L
T.E,

Figure 4: An imbalanced system of mass mi + meo which is free to rotate about the E, axis and is supported
by bearings at A and B. An applied torque T,E. acts on the assembly.

The center of mass C' of the wheel is stationary and coincident with the fixed point O shown in
Figure 4. The angular momentum of the wheel relative to its center of mass C' is

I..0E., (14)
and the position vector of the particle of mass ms relative to O is
xy = he, + dE.. (15)

(a) (5 Points) Show that the angular momentum Hg of the system relative to O has the
representation

Ho = (L. + moh?) 0B, — myhdde,. (16)
(b) (5 Points) Draw a free-body diagram of the system and compute M.
(c) (2 Points) Show that the angular speed of the shaft is governed by the equation

([zz + m2h2) 6 =T, + magh sin(#). (17)

(d) (6 Points) Assuming that § = wy is constant, Verify that the following expressions for
the bearing forces satisfy the balances of linear and angular momenta:

R, = (T gEH(%hw(?) ex_<M> gE, — 2P

2 2L 2L 2
(M +my maodhw? mad moh
Ry = (F5) o (T et \op )BT e (1)

(e) (2 Points) Give the position vector relative to O of the location on the wheel where you
would place a bead of mass my to remove the imbalance.
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