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Question 1
A System of Two Particles
20 Points

A simple model for a toy consists of a pair of mass particles connected by a flexible element.
As a preliminary to developing a model for the toy, consider a particle of mass m, which is free
to move along a smooth plane curve (i.e., ¥ = f(z), z = 0) and is connected by a linear spring
of stiffness /(' and unstretched length ¢, to a particle of mass m,. Both particles are under the
influence of the respective gravitational forces —m;gE; and —mogE; and ms is free to move in
space as shown in Figure 1. Aq
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Figure 1: A system of two particles. A particle of mass my is suspended by a spring from a bead of mass m,. /Q\
The bead is free to move elong a smooth plane curve.
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A coordinate system {z,n = y — f(z), 2} is chosen to parameterize the motion of m; and a
spherical polar coordinate system {R, 8, ¢} is chosen to parameterize ry — ry:

rn=zE + (T,' + f(il:)) E; + zE;3, ro = r; + Rep. (1)

(a) (6' Points) Compute the 12 vectors 6%’} where ¢! = 2,¢* = R,q¢° = 0,¢" = ¢,¢° = 7, and
6 _
q

(b) (9 Points) Show that the constramed Lagrangian of the system of particles is

P = w 2 (1+ £ ) + 52 (B + Rsin® (9)6° + R3?) +my (071) 2777 (2)
where f = %. For full credit, supply the missing terms in (2). Depending on how you collect
terms, there will be at least 5 missing terms overall.

(c) (5 Points) Give a prescription for the constraint forces F, and F,, acting on the respective
particles, and compute the following six summations:
6r1 6[‘2
F,, -

E)?-I—Fcz‘da_(?‘:, k=1,...,6. (3)
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Question 2
A Vibration Absorber
30 Points

Vibration absorbers are mounted on bridges, skyscrapers, cables and machines in order to
reduce or eliminate unwanted vibration. One simple design of a vibration absorber consists of
a mass-spring-cdashpot which is attached to a vibrating mass. By properly tuning the stifiness
and damping ol the attached system, the motion of the vibrating mass can be reduced and
eventually eliminated. A simple two-particle model for such a system is shown in Figure 2. The
absorber mass is my and both particles are assumed to have a single degree-of-freedom. The
following coordinate systein is used to parameterize the motion of the particles:
ry = () + 0, +a)) By + By + 51 Ey, ry =1 + (r2+ by, + a2) By + 1By + 2Ey, (1)
where the constants @) and ay are chosen such that the system has a rest state (i.e., is in
cquilibrium}) when axy = 0 and @ry = O:
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Figure 2: A vibration absorplion system modeled wsing o peiv of particles. The springs are linear with unstretehed
lengths €y, and by, respectively, the dashpots are lincar with constant positive damping cocfficients () = 0 and
s > 0}, and the motion of the system is unaffected by Coudomb frietion,

inte} € — o Ori N T Dz,
(a) (4 Points} Compute the four vectors ok Where ¢° =y and 7 = 1.

(b) (6 Points) Establish expressions for T and {7 of the system of particles.

(€) (9 Points) What are the nonconscrvative forees Fyeo,, and Fyepn, acting on the respective
particles? Show that the combined power of these forces reduces the total energy of the system.

{d) (9 Points) Establish the equations of motion for the systemn of particles:
ey 4 e My £ a0 ) | A0 xrn |0 .
[ o M ] [ I ] 1 [ 0 ] [ & ] : [ 0 Ry I 1o (6)

(e) (2 Points) If a force Py cos(w t) Ey acts on my and a force P cos (wat) E| acts on ms, then
how are the equation of motions (6) altered?
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