MAaTH H54 Midterm Exam #1 OCTOBER 10, 2017

Complete all problems. You must show your work or justify your answer for all
problems. Answers without work or justification will receive no credit (even if they are
correct). You may quote theorems and results from class or the homework without
justification (name the theorem or state “we proved in class that ...”). Every other
fact must be justified. If you need more space, use the blank pages at the back of the
exam. If you want me to grade work done any of those pages, clearly indicate this
next to the appropriate problem.
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1. (2 points each) Determine if each statement is true or false, and write the word
TRUE or FALSE in the space provided. You do not have to justify your answer,
and no partial credit will be awarded.

(a)

If A and B are symmetric matrices, then AB must be symmetric as well.
(Recall, A is symmetric if AT = A.)

fALsE

If an n x n matrix A does not have n distinct eigenvalues, then A is not
diagonalizable.

FALSE

If the determinant of a 4 X 4 matrix A is 4, then rank(A) = 4.

TRWE

If A is an n X n matrix, then the determinant of A is equal to the product
of its diagonal entries.

FALSE

If A and B are similar matrices, then det(A) = det(B).

TR UG

If an n x n matrix A is diagonalizable, then there is a unique diagonal
matrix that is similar to A.

FaLsE

If 3 is an eigenvalue of A, then 9 must be an eigenvalue of A2,

TRWE

The set of all polynomials p of degree at most 5 satisfying p(0) = p(—2) is
a vector space.

TRUE



2. (4 points) Let A be a 3 x 3 matrix with the property that the linear transforma-
tion T" defined by @+ AZ maps R? onto R3. Explain why the transformation

must be injective.
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3. (4 points) Under what conditions on a,b,c € R is the matrix (
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) n-
vertible?
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4. (4 points) Give an example of a matrix that is diagonalizable but not invertible.
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5. (4 points) If A is an invertible matrix with eigenvalue A # 0 and associated
eigenvector U, is U an eigenvector of A=!'? If so, what is the corresponding

eigenvalue? If not, explain why not.
> - —\ =
Ye/s: A»{T:.%\] = N = & /\\l =
LJ-A"7, 0 ¥ s an e~veshw|
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6. Suppose that A is a diagonalizable matrix with characteristic polynomial

Y(A) = XA =3) (A +2)%(X —4)%.

(a) (2 points) Find the size of the matrix A.
A’"\S YXK‘ b/c, ‘\)l\SUUL QN X

e-Valy, Connted of cnubiplicities .

(b) ( 3 points) Find the dimension of the eigenspace corresponding to A = 4.

i &mo&‘ \o\a, 30 qeom. mudd.
odg- mulk. 9y A=4, ¢ Hhus
ﬂ\a cmeh}ior\ is 3.

(¢) (3 points) Find the dimension of Nul(A)

din Nt (1) 5 e dimension 6\3%\1 e -Soe
associaked o A=0 Asin (o), the

dimension S 2.



7. (4 points each) Find the determinant of each of the following matrices. You
must either show your calculations or justify your answer. An answer alone will
receive no credit.

9 11 1
121 1
(@) A=149 9 1
001 2

I S
O T2 . S6
O 0 4 |
O 00 3

dot A= (D3 (DR = 9.

2 1 3 -3
3 1 4 2
(b) B = 9 -1 8 9
6 0 6 7

Column 3= Column )+ Golumn 2, So
det 80



8. Let

o O O

1
A= 3
§
(a) (4 points) Find all eigenvalues of A.
I-» O |
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= ‘r\[)zhl?\:l
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(b) (5 points) Find a basis for the eigenspace associated to each eigenvalue.

A=0: ~—\ o | -\ o |
T 503>~(00(o
~\ O o0 O

(c) (2 points) Is A diagonalizable? If so, find an invertible matrix P and a
diagonal matrix D such that A = P~'DP. If not, explain why not.

No, He 0‘&(3 mult 9 A=0 i 4,
but its %um. mudt. s L, 3o
A s not d'\m}omyiév&bu.



9. Let T: R? — R? be a linear transformation such that

(1) =) () -0)
(a) (4 points) Find a matrix A such that T(7) = AZ for all ¥ € R

TE=pE > AD=12) £ 8(3)=(3), s
AGI)(37). = A= (2 )( )

> h=3(2 )“ 5(

(b) (5 points) Given the basis B = {(_11> : <§) }, find the matrix B such
that T'([7]s) = B[T]s. -
E?AD \,QMN(P(‘O'SB) (p .(\l>
= \ ) ( )
(3 >( ' 5)

= =[O0 -1%
b (;t 4

E3




(¢) (2 points) Find the B—coordinates of the vector (g)

[(2 )]ﬁ P" () = g,(ﬁ I >(s>




10. (5 points each) Let V' be the vector space consisting of functions of the form
e’ cosx + fe*” sin x.
Consider the following linear transformation L: V' — V defined by
L(f) =1+,
where f’ is the derivative of a vector f € V.

(a) Find the matrix of L with respect to the basis {e** cosz,e**sinx} of V.
L(e* wosx) = 2e? cosx - ePsinx+ e cosx
= 3o o3 X - €2 sinX
L(e®sinx) = 2e™siax + e opsx + @ X Sing,
= e M ginx + QZ)LCOS)C

) Use your answer from (a) to find a function f such that f'+ f = €** cos .

(3\3' )% - ()
X = (P\%)j(é)(

IE




11. (10 points each) Choose TWO of the following problems. Circle the problems
you would like me to grade.

(@ () (o)

I will not look at the other problem. If you leave this blank, or it is not clear, I
will grade the first two problems. But sure to completely justify your solution.

(a) Let A € M, ,(R) and B € M, ,(R). Show that
rank(AB) < rank(A) rank(B).

LolnB) ¢ ol(A)  ble columns gy 8 one
& Lin comb. 6?) e @lumns :fb A .

> din (Col(8)) £ din (Ca\ta))
A\ e (48) ¢ wgnl (8)
-y (@Y > 1 Hen
BOL(BB) < @) < ek () @k (8) .

- raak (B)=0 , Hun
din (Cal(8)) =0 = VXeE} 83-T
ABY = A(BY) = AT=D
SO MN@B)=0 ¢

O=rank (AB) & MNLA) f&AL(B) = MankiR)-0 =0



(b) Let A, B be n x n matrices such that AB = AT. Prove that the row space
of A is equal to its column space.

Row®)=Col(AT) = Col(ng) < Colr)
Bud- ditn (@ow A) = d(m (CoL(m\ btj %n\ﬁ-

Nultiby, T+ a subspoce 6 o V.
has e dame din. oy Hha v.s. | Y

H\m} ana Mbwkfl, 20 Row®) =Col(n)



(c) Let A be an invertible n x n matrix and let B be an n X m matrix. Show
that dim(Nul(B)) = dim(Nul(AB)) and dim(Col(B)) = dim(Col(AB)).

Xe NA(AB) > ARX =D = BX-N 0 =3
> K <Nl (8).

XeNL(B)YD BX=0 » fABX=AD0=0
S Xe Nul(AB) .

Thonsore ; Nut )= Nul #8) , 50 Hhaie

dimensions Gna 1q,ual.

Bt} rmw.—c\mw%,
dimn (Nl B)) +dim (Col®)) = n
din (N (@8) +dim (Col(RB)) =n .

Thws  n-din(Cl®)) = 0 - dim Colas) ,

tso diun (Col) = dim (Col(R8)).
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