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Grader: Aaron Alpert

Part A

We use F = ma and τCM = ICMα to find the linear and rotational acceleration. Since they are
both constant, we can use the basic kinematics formulas to find the velocities.

�
F = F − f = F − µkmg = ma → a =

F

m
− µkg (1)

v = v0 + at =

�
F

m
− µkg

�
t (2)

�
τ = F (r − h)− fr = Iα =

2

5
mr

2
α → α =

5

2mr2
[F (r − h)− µkmgr] (3)

ω = ω0 + αt =
5t

2mr2
[F (r − h)− µkmgr] (4)

We know that at time t0, the angular and linear speeds are related by ω0 = 2v0/r. Thus, we plug
(2) and (4) into this relationship.

ω0 =
2v0
r

→ 5t

2mr2
[F (r − h)− µkmgr] =

2

r

�
F

m
− µkg

�
t →

F − F
h

r
− µmg =

4

5
− 4

5
µkmg → 1

5
(F − µkmg) = F

h

r
→ h =

r

5
− µkmgr

5F
(5)

Grading Rubric. This part was worth 10 points, and broken down as follows: +2 for the FBD;
+4 for the force and torque equations; +2 for finding v(t) and ω(t); +2 for solving for h.

Part B: Force Method

Kinematics. There is now no cue force, but the friction is the same as in the FBD above. We
use force and torque (about the CM) to find (constant) accelerations, which we use to calculate
velocities.

�
F = −f = −µkmg = ma → a = −µkg → v = v0 − µkgt (6)
�

τ = −fr =
2

5
mr

2
α → α = −5µkg

2r
→ ω = ω0 −

5

2r
µkgt (7)
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Determining the Final Direction of v. Let us assume that v reaches zero before ω reaches
−v/r. (In other words, this would be the case when the ball switches directions an rolls backwards.)

v : 0 = v0 − µkgt0 → t0 =
v0

µkg
; ω : 0 =

2v0
r

− 5

2r
µkgt0 → t0 =

4

5

v0

µkg
(8)

Clearly, the angular velocity reaches zero before the linear one does, which indicates that the
final direction of v is to the right. At some time t∗, we have the rolling without slipping condition
v = −ωr. (The negative sign is there because counter-clockwise rotation was defined to be positive.)
Applying this condition at t∗,

v = v0 − µkgt
∗ = −ωr = −

�
2v0 −

5

2
µkgt

∗
�

→ 7

2
µkgt

∗ = 3v0 → t
∗ =

6v0
7µkg

(9)

vfinal = v (t∗) = v0 − µkgt
∗ = v0 − µkg

�
6v0
7µkg

�
= v0 −

6

7
v0 =

1

7
v0 (10)

Grading Rubric. This part was worth 10 points and broken down as follows: +2 for force and
torque equations; +1 for velocities as functions of time; +3 for proving that the final velocity is to
the right; +2 for imposing rolling without slipping; +2 for solving the final velocity’s magnitude.

Part B: Angular Momentum Method

Choose a point O on the table. There is only one force (friction) acting on the ball after the

initial hit. The friction acts on point P , which is also in contact with the table. Therefore, r =
−−→
OP

is parallel to the table. The frictional force f is also parallel to the table. The torque due to friction
is τ = r × f = 0 because the cross product of two parallel vectors is zero. Because τ = dLO

dt
and

τ = 0, we know that LO is a constant, i.e., the angular momentum about O is conserved. This
momentum has two components: one due to the spinning of the ball, and one due to the fact the
CM “rotates” about O.

LO,init = L̄+ r̄×mv̄ =

�
2

5
mr

2 2v0
r

−mrv0

�
k = −1

5
mrv0k (11)

We note that the angular momentum is negative, meaning that when rolling without slipping sets
in, the rotation will be negative, which is defined as clockwise. This implies the final velocity will
be to the right.

We now express the final angular momentum (dropping the vector k for convenience), keeping
in mind the rolling without slipping condition vf = −ωfr.

LO,final =
2

5
mr

2

�
−vf

r

�
−mrvf = −7

5
mrvf (12)

Applying the conservation of angular momentum,

LO,init = LO,final → −1

5
mrv0 = −7

5
mrvf → vf =

1

7
v0 (13)

Grading Rubric. This part is worth 10 points, broken down as follows: +3 calculation of initial
angular momentum; +3 calculation of final angular momentum; +3 direction of final velocity; +1
using ang. mo. conservation to calculate final velocity.
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