MATH 54 FINAL
May 12 2016 3-6pm

Your Name

SOLUTIONS

Student ID

Please exchange student IDs to record the

names of your
two closest

seat neighbors

Do not turn this page until you are instructed to do so.

No material other than simple writing utensils may be used. Show all your work in this
exam booklet. There are blank pages in between the problems for scratch work.

If you want something on an extra page to be graded, label it by the problem number
and write “XTRA” on the page of the actual problem.

In the event of an emergency or fire alarm leave your exam on your seat and meet with your
GSI or professor outside.

If you need to use the restroom, leave your exam with a GSI while out of the room.

Your grade is determined from the following 5 problems, each of which has questions (a), (b), (c).
Each part of (a) yields either full or no credit, but you still have to show your work in calculations.

(b),(c) parts can yield partial credit, in particular for explanations and documentation of your approach,
even when you don’t complete the calculation. When asked to explain/show/prove, you should make
clear and unambiguous statements, using a combination of formulas and words or arrows. (The graders
will disregard formulas whose meaning is unclear.) But most importantly ...

... don’t panic!



[8] 1(a) Fill in the ... below.

If A [Z] = {ﬂ and Nul(A) is spanned by BJ , then

Z
the solution set of Ax = {ﬂ in parametric vector form s ... l (-6—) = [2] + t [3
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The linear transformation 7' : R? — R? givenby T'(x) = B 1 ﬂ [0
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[6] 1(b) Determine whether v; = l: -1 ] , Vg = [ —1 } , Vg = l 0 J are linearly independent by
-1 1 0

¢ giving the general definition for linear independence of vy, vy, vs,
e translating linear independence into a property of a matrix,

e checking whether that property is true.
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[6] 1(c)LetT :R? = R? x ++ Ax be the linear transformation given by the matrix A = [_32 1] ;

Find a basis B = {by, by} of R? so that the linear transformation in B-coordinates is [T]5 = E _21} ;
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[8]

2(a) Fill in the ... below.

The range of a linear transformation 7' : V. — W is ..

a0 win W/ 50 that T(x)=w
has o sdution x in V.

Wiceraiive { T(v) |ve V§

fogdiage, o xR Ay
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[6]  2(b) Find the matrix that represents the linear transformation
with respect to the standard basis of P,.
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[6] 2(c)LetT :V — W be alinear transformation between vector spaces, and let I/ be a subspace of V.
Show that T(H) = {T'(v) |v € H} is a subspace of W.

Lo show: W, W, in T(H) ¢ scothr =% CW,+w; in T(H)

\
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[8]  3(a) Fill in the ... below.

- 2&
The general solution of 4" + 4y +5y =0

is y(t) = .. @ (O, ot + bﬂ;f)
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3(b) Find the general solution of 3" —y = €’

homg-;MM- gorevall so€. C,e +C e
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[6]  3(c) Calculate the Wronskian W (0) for the functions sinz, sin2z, cosz atz = 0 and explain what
this says about linear (in)dependence of the functions.

Then give a different argument that proves linear (in)dependence of these functions.
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[8] 4(a) Fill in the ... below.

If A [ ;i'gz ] =21 { ;i—gz },then the general solution of x’ = Ax is

x(t)= .. C, (60) V?*[?i] = Sam ri"t[-gg}) +C, (.__m I2¢ [’3 ]+ Som r’?f[?‘.])
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If A has matrix exponential function e = =% [ 1 then the solution of x' = Ax, x(0) = {9}
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eP holds for matrices A, B when ... A’ B = BA
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[6] 4(b) Find the general solution of x' = {_02 (2) x + [Z} and explain why there cannot be any
other solutions, using only definitions and the following information (no theorems etc.):

1.y L(x) =x'— {_02 (2)] x isalinear transformation L : V — V

on the vector space V' of smooth functions with values in R,

2.) The kernel of L is spanned by [sm 2t] nd {_ €08 Qt} _

cos 2t sin 2t

3) x,(t) = [(2)] solves L(x,) = m .
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[6] 4(c) Solve x'(t) = [01 U] x(t) + [{' i.l , x(1)= [\/_2;2 } by the following steps:

1 el 12
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e A fundamental matrix for x'(t) = [ 1 x(t) is X(t) =
0 1 O 9 J
. . tA
e The variation of parameters Ansatz is x(t) =... 2 C (‘t)

with an unknown R?-valued function c(t).

e Plugging this Ansatz into the inhomogeneous ODE system yields ...
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[8]

5(a) Fill in the ... below.

The Fourier series of a continuous 2L-periodic function f is
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[6] 5(b) Find the solution to the initial-boundary value problem
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( u(0,t) =0, u(m,t) =0

for 0<z<m t>0,
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[6] 5(c) Determine ODE’s and initial conditions (but do not solve these!) for the coefficient functions
Co(t), C1(t), Ca(t), . .. of any solution of the form u(z,t) = Co(t) + Y oo, Ca(t) cos(nz) to
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