Physics 7C, Fall 2015
Midterm 2 Solutions

Problem 1

At x = L, we observe light of wavelength A to be particularly bright, which means we are
observing constructive interference at that wavelength. Figure 1 shows the two interfering
light rays that we need to consider. The angular opening 6 of the sliver of glass is very small,
so the incoming and outgoing rays are all on top of each other and perpendicular to the x
axis, although they have been drawn at incoming and outgoing angles in Figure 1 to make
them distinguishable. Outside of the glass, the index of refraction is n,;, &~ 1. The glass has
index of refraction n > n,;,. At x = L, the thickness of the glass is d = L tan¥.
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Figure 1
Ray 1:
Ray 1 accumulates a phase of m upon reflection from the upper glass/air interface, since
n > Ngu. Therefore, it accumulates a phase of ¢ = 7.

Ray 2:
Ray 2 travels a distance 2d in the glass. For light of wavelength A in air, which we ob-
serve to be bright, ray 2 accumulates % wavelengths as it travels through the glass, where

Ap = % is the wavelength of the light in the glass. Thus, ray 2 accumulates a phase of
271% = ZWM traveling through the glass. Ray 2 does not accumulate a phase of 7 upon
reflection from the lower air/glass interface, since n,;, < n. Therefore, ray 2 accumulates a
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phase of ¢9 = QWM.

Phase difference:
The phase difference between the two rays is

2nL tan @
A¢:¢2—¢1:27TT—7T (1)
The phase difference must be an integer multiple of 27 to achieve constructive interference

at wavelength A\, so A¢ = 27rm, where m is an integer:

2mm = A¢ (2)

— QWL;”@ g (3)
2nLtanf 1

= -3 4

m X\ 2 (4)

2m+1 A
tan 0 = — 5
an 4 nL (5)

At x = L, we observe no other wavelengths accentuated, so the thickness d = L tan # must be
the minimum thickness for constructive interference at wavelength A, which implies m = 0.
Therefore,

LA
tanf = —— 6
o AnL (6)

6 — tan"! G%) (7)



Physics 7C, Fall 2015, Midterm 2, Problem 2

At t = 0 in his stationary frame S, Tom suddenly sees Dick throw a ball towards him with
velocity —up = —%c. Tom catches the ball with his robotic arm at a time 7. Harry is in
the moving frame S’, moving to the right with speed v = %c. The origins of S and S’ are
at the same point at ' =t = 0.

a. Where, xj, and when, t;, was the ball thrown in Tom’s frame?

There are three events to consider: Dick throws ball (tp = ty,zp = x¢), Tom sees
Dick throw ball (tg = 0,25 = 0), and Tom catches ball (tc =T, z¢ = 0). We must
take into account the time it takes for light to travel between Dick and Tom.

The time T between Tom seeing and catching can be used to first solve for zy,. We
know that the time {g —tp for light to reach Tom from Dick is 2. The time {c —ip

for the ball to reach Tom is ﬁ—i = 53%0 The difference between these two time intervals
5
tc —tg is our given T.

5% x 2T
T:tc—tS:(tC—tD)—(tS—tD):3—00—?025?0 (1)

3
Xo = §CT (2)

Now that we know zy, we can use it to solve for o, using ts —tp = 0 — tg = “2.

to = _ET (3)

Tom sees Dick throw the ball at ¢ = 0, but the time Dick actually throws the ball is
before - thus the negative ¢,.

b. Where, z{, and when, ¢, was the ball thrown in Harry’s frame? (If you
cannot get part a, you can express your answer in terms of xy and/or ¢, for partial
credit.)

We transform the event (z,t) into Harry’s frame S’ with a Lorentz boost 5 = 3,

and v = 2.
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cty = gcto — %0, o= 3T - gCto (5)
Plugging in our results from part a, ty = —%T and zy = %CT:
9 9

c. How long did it take the ball to travel from Dick to Tom in Harry’s
frame? (If you cannot get part a, you can express your answer in terms of zq and/or
to for partial credit.)

The two events we consider are Dick throwing and Tom catching the ball. In frame
S these have spacetime coordinates (tp = to,zp = x9) and (tc = T, z¢ = 0), so the
intervals we transform are

AtC_D :T—to, AIC_D :O—ZL’O = —X (7)
Again using the Lorentz transform g = %, and v = g,
Bt p\ _ (7 =B (At} _ (3 -4} (T-w)) g
Aze_p -6 v Azc-p -3 3 —Zo
5) 4 o
At, =—(T—t -— 9
C-D 3( 0) + 37 (9)
and again plugging in ty = —%T and zg = %CT:
5 3 4 3 5 5 4 3
At =2 . (1=(=NWVT"+Z2.Z7=(2.2 4+ 2.7 1
foop =5 (1= (-3 4+5 ST =( 24 5-3) (10)
gives us the result we're looking for:
37




Problem 3

a) In frame S, the fragment of mass has speed u and it is moving off at an angle 6 with
respect to the x axis. Therefore, it has velocity @ = u,2 4 u,y = u cos 2 +usin 0y, where
the speed is u = V@2 = Vi - @, and the angle 6 can be written as tan = = Frame S’
is moving in the +x direction with speed v = B¢ with respect to frame S. We can solve
this problem using one of several approaches.

Approach 1:
We can write the velocity of the fragment in frame S’ in terms of the velocity of the
fragment in frame S using the velocity transformation

u,:ux—v:ucose—v (1)
z 1 — Yz vu cos 0
C2 1_—

c2

;o Uy B usin
Uy = ~ (1 _ vCUQz) - ~y (1 _ vucc2osl9> (2)

where v = \/11_? In frame S’, the fragment is moving off at an angle " with respect to

the 2’ axis, so

;o u_; _ Uy
tan @' = R pr—| (3)
usin @
= 4
~v(ucos @ — Be) (4)

Approach 2:

The velocity of the fragment is a constant. Therefore, in frame S, the components of
the velocity of the fragment can be written as u, = % and u, = %, where Az and Ay
are the change in the spatial coordinates of the fragment over a time At. The angle 6

that the fragment makes with the x axis is given by tan = Z—y = 2_?;' In frame S’, the

components of the velocity of the fragment can be written as u/, = ﬁ—””t“,, and wu, = i—%,
where Az’ and Ay’ are the change in the spatial coordinates of the fragment over a time
At'. The angle 6 that the fragment makes with the 2’ axis is given by tan 6’ = Z—}"‘ = ﬁ—ij.

We can write the change in the fragment’s spacetime coordinates in frame S’ in terms of
those in frame S using the Lorentz transformation

cAt' = y(cAt — BAT)

Az' = ~v(Az — BeAt) (
Ay = Ay
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A
tan @ = . Ao (8)
_ Ay — % — uy (9)
YAz — BelAt) 5 (3% - Be)  y(up — Be)
usin 0

- ~v(ucos @ — Be) (10)

Approach 3:
In frame S, the fragment of mass has four-momentum

o ()- i)

U
£ (@)me
= | p: | = | v(@)mu, (12)
Py V(Q)muy

o\ —1/2
where (@) = (1 — Z—j) . In frame S, the fragment is moving off at an angle # with
respect to the z axis, so tanf = Z—Z = Z—i’.

The four-momentum of the fragment in frame S’ is

- (5)- ()

E (@ yme
= | p, | = [ v(@)my, (14)
i) \a@m,

) _1/2
where y(u') = <1 - “6—2> :

We can write the four-momentum of the fragment in frame S’ in terms of its four-
momentum in frame S using the Lorentz transformation

p' = A(B2)p (15)
£z v =B 0\ [£
=18 v 0] |p: (16)
vy 0 0 1 Dy
= | (p— 8%) (17)
Dy



In frame S’, the fragment is moving off at an angle " with respect to the 2’ axis, so

/ /
_ By

tan 6 = % p’ (18)
_ Py __ Py/Da (19)
V=55 5 (1 2
B tan @ B tand B wcosftand (20)
y(1-p2) (- Buig)  lucost—fe)
_ usin @ (21)

v(ucos — pc)

b) The problem statement has an error: the expression given is actually the minimum value
of tan @, not the maximum value. The expression for the maximum value of tan@’ is
identical except that there is no negative sign in front.

The fragment velocity v < v and the angle € is in the range 0 < 6 < 27. Therefore,
physically, ' must be in the range 3 < 0/, < ¢ < 0, < 2*. In this region, tan¢’
is a monotonically increasing function of ¢, and (tan ')y, < tanf’ < (tan’)y.c. The
angle @ = 0 when 6 = 0, 7, or 2m. As 6 goes from 0 to 27, the angle 6’ starts at 7, then
decreases to a minimum of 6/ ., then increases back to 7, then increases to a maximum
of 0/ .., then decreases back to . Similarly, as 6 goes from 0 to 27, tan @’ starts at 0,
then decreases to a minimum of (tan @), then increases back to 0, then increases to a

maximum of (tan €)y.y, then decreases back to 0.

We can find the extrema of tan 6’ by differentiating it with respect to 6 and setting the
result equal to zero. The derivative of tan " with respect to 6 is

,d usin
@tane " dO~y(ucosd — fe) (22)
1 —usinf
- inf(—1 2
ucosgw(ucosQ ~50) + usin 0( )"}/(UCOS@ ~ 5 (23)
_ u cos 6 N u?sin” 6 (24)
Y(ucos® — Be)  vy(ucos@ — Be)?
~ ucosB(ucosf — Be) + u?sin® 6 (25)
~y(ucos @ — Be)?
2 _
_u Beucos 6 (26)

~v(ucos @ — Be)?

Since u < v = ¢, the denominator is never equal to zero. Let tan € have an extremum
at @ = 0*. Then,

d u? — Beu cos 0
0= —tan6’ = 27
a6 " g—p-  (ucosf* — fc)? (27)
0 = u® — Becu cos 6* (28)
cos* = Bic = % (29)



This expression is bounded by 0 < cosf* = “ < 1. Since cosf is positive in the ranges
0<f<?Z and T < f < 27, and both ranges are physically possible, there are two angles
07 and 9* at Wthh cosff = cosf; = %, and thus at which tan@’ is an extremum. The
two angles are related by 05 = 2m — 07. Let angle 07 be in the range 0 < 07 < 7. The sin

of this angle is sin 0] = viou? — /1 — % Then, angle 0% is in the range 3T < 05 < 27.

v

The sin of this angle is sin 6% = —sin* = —/1 — “. From our earlier discussion, we see
2 1 v Y

that 0] gives tan @’ its minimum value, and 65 gives tan ¢’ its maximum value, though we
can show this explicitly.

The minimum value of tan &’ is

usin 0}
t 6/ — 1
0 Yanin 'y(u cos 0 — fe)

luvl_ (31)

U— — U
u2
1lu Tz
:;;(—1) - (32)
o2
1 o\ —1/2
-t (1 . “—2> (33)
Yy v

Since tan 0] ;, < 0, the angle 6 ; is in the range § < 0] ;, < 7.

min

Similarly, the maximum value of tan ¢’ is

, usin 6
ban O = ~(ucos 05 — Be) (35)
usin 07
~y(ucos0; — fBe) (36)
= —(tan 0)min (37)
02\ /2 w2\ 2
(%) (%) § )

Since tan ¢’

max > 0, the angle 6] . is in the range 7 < 0, < 7.



Problem 4

By conservation of 4-momentum:

Ey\ (Er n Es
puc)  \pic Pac

Eliminating the second particle by using the invariant scalar product:

m?ct = (E2)* — (fac) - (P20)
= (Ex — E1)* = (Purc — pic) - (Fuc — pic)
= E}; —2BM By + EY — p3,c® + 200 - h? — pic?
= M?c* + m2c* — 2E\ Ey + 2papic? cos

Isolating the energy of the first particle:

2EyE, = M2 + 2pMp1¢:2 cos
ZLEJQMEl2 = M*® + 4M*Spypr cosb + 4p?\/[p%c4 cos® 0

Rewriting in terms of momentum:

4E%p2c% + AEZ m2ct = MAE® + 4M?Spprpy cos b + 4p3p3ct cos? 0

4 (E%w — p3c? cos? 0) Pt — AM?*c*pyrcosOpy — (M406 — 4E12V1m2c2) =0

By the quadratic formula:

M2ctparcos @ £ /MAcBp2, cos? 0 + (B2, — p?,c2 cos? 0) (MAcS — 4E2,m2c?)
2(E3%, — p3,ccos?0)

pP1=

Ounly the + root actually gives a positive p; (a negative p; means the particle is actually traveling the
opposite direction).
Note that the algebra is much simpler if it is assumed that E; = pic; i.e. the ultra-relativistic limit:

2E\p1c — 2parpic? cos O ~ M?c

Mc?
2 (Enm — puccosb)

P =

It can also be verified that the above reduces to this in the m < M/2 limit:

M2cppscos 0 + /MAc3p2, cos? 0 + (E2, — p?,c2 cos? 0) (M*cP)
2(E%, — p3,c?cos?0)

M2c*pyy cos§ + \/W
T2 (E3, — p%,c? cos? )

(Mc?) (Mc) (paccost + En)

2(E2, — p3,c?cos? )
Mc?

) (Epm — puccost)

P =

Me

In all cases, the substitution Eps = /p3,c? + M2c* needs to be made to get the final answer in terms of the
right variables.



Problem 5:

According to Babinet’s principle (and remember it is a vector subtraction):

on(£)

E. (7 t) = Ey sin(kx — wt) § — E, sin(kr — wt)f

N

Where 7] is the unit vector pointing to direction perpendicular to 7. This is the polarization of E; yis
the polarization of F{
At the screen we have:

L

=Lr= ,B = kDsin6
x r cosBﬁ sin

in (£
Slrl(Z)Sin<kCL —wt)’\

E—C)(Q, t)screen =Ep Sin(kl' - a)t)f/ — Ey E 0s 0 ry
2
Subtract by component:
. sin (g) L
[EC(G, t)screen]y = E, sin(kL — wt) — E, B sin (k 058 a)t) cosf
2

an ()

— . L .
[Ec(6, t)screen]x = —E, g sin (k v wt) sin @
2

Therefore:

— — 2 — 2
EC (9: t)?creen = [EC (9: t)screen]x + [EC (9’ t)screen]y

=)

an(£)

B
2

L
—2E¢ cos 6 sin (k —_—— wt) sin(kD — wt)
cosf

Note the identity for the last term:



L
sin (k— — wt) sin(kL — wt)
cos 6

_ 1 kL( 1 1) ( kL
2 [COS cosfO cos cos @

Applying time average for each term, we have:

sin (g) i

+ kL — Zwt)]

sin (%) i

. , 1 1
(EC(Q' t)gcreen) = EEg ﬁ SlIl2 0+ EE& + EE& T COS2 0
2 2
Sin (g) 1
- E2 3 cos @ cos kL (cos i 1)
2

To simplify:

sin (g) i

. 1
(E- (6, t)gcreen) = EEg { B +1-— —[), cos O coskL (—cos 5~ 1>l
2

\

Therefore, from definition of intensity, we have:

1(8) = (Sc(8, ) screen) = 60C<E_C)(9; t)icreen)

(Tsin (B\T in (B
:eg_CEgi Smﬁ(z) +1—25%(2)c059c05kL(ﬁ—1)J}
2 2




