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Do not turn this page until you are instructed to do so.

Show all your work in this exam booklet. There are blank pages in between the problems
for scratch work. If you want anything on the extra pages to be graded, write ‘“‘see
next/previous page’”’ and label your work there with the problem number.

No material other than simple writing utensils may be used. In the event of an emergency
or fire alarm leave your exam (closed) on your seat and meet with your GSI outside.

If you need to use the restroom, leave your exam with a GSI while out of the room.

Point values are indicated in brackets to the left of each problem. Partial credit will be given for
explanations and documentation of your approach, even when you don’t complete the calculation. In
particular, if you recognize your result to be wrong (e.g. by checking!), stating this will yield extra
credit.

When asked to explain/show/prove, you should make clear and unambiguous statements, using a com-
bination of formulas and words or arrows. (The graders will disregard formulas whose meaning is not
stated explicitly.)



1a) Rewrite the system of linear equations Ty — x4 =5
T + T3 — —1

$1+CL’2+$3+CL’4=U

in terms of a linear transformation 7" : R” — R™, a vector b in R?, and an unknown x in RY.
In particular, specify 7" and b explicitly. (This involves a choice of appropriate integers m, n, p, q.)

T(X)=b  with

X, X -~y ol o-l 5
;%:X( + X3 or = |010§)h=‘|
Xy X+ X2 +Xq+Xqy L 0
1b) Find a basis for the kernel of T'. (That is, find linear independent vector(s) which span kernel(7").)
Xz-x't =o xz =X.+ _.x -
T(x)=0 <) x,+x3=0 S ) X =% @ {7050
- O x‘ = -X3
X+ X+ Xq+ Xy = Xy Xy X g+X= O
2%y

- x3
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— kernel(T)= 5?3 X any sealar = 5”“”{ ;i }
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&‘nenrél independent since #0



[4]  1c) Find the solution set for the system in 1a) Ty — Xy =D
r1+x3=—1
SL’1+$2+$3+?L’4=0

and write it in parametric vector form.
(You can use any method but should show your work or explain your reasoning.)
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found L/ choosing X3=0, then

x2=5+x'i’ )(z:'s*("27=3
X} =—l = X.s',

=+ (5t xy)+Xe=0



6] 2)LetT :V — W be a linear transformation between vector spaces V, W, and suppose that w # 0 in
W is a vector for which 7T'(z) = w has exactly one solution x. What does this imply about kernel(7")?
Prove your statement without appealing to theorems or solution principles from book or lecture.

ke.rnel’. (T)= {03

Proof: let v ke the sotution of T(x)=w,

If Tlk)=0
thon T (v+k) = TW)+Tk)= Ww+0 =W b)/ /t'nea/ié}/

and. hence ¥k =V b/ uniqueness of Solutrons
\[L of Tix)=w

=-v+v = O

This chows Tlk)=0 € k=0 so berrd (T)=30}.



3) Let P be the vector space of polynomials and suppose that 7" : P — R? is a linear transformation so

1 —1 3
T(1+t2){2], T(t2)[0], T(t3)!2].
3 —4 1

that

Use this information to calculate 7'(1 + 2t% + 3t3).
(Hint: The functions p1(¢) = 1+ t2, pa(t) = t2, p3(t) = 3, q(t) = 1 + 2t> + 3t above are vectors in P.

However, there is no need to use this notation.)

T(l + 24348 )= T ((1+£9 +£*+ 3-3)
= -,—“,,tt)+7-(#)+ 3T (&%)

by 4)::0«"‘}'
| - 3 [ -1+3
3 -4 l 3-4+3
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& 1284343 = ¢ (W) v Cottrest®  Forallt

=, | = C,

\ 3 = Cq

il

& G=C=l C3=3




3 4a) Consider the functions t* — 1, 3, and -~— as vectors in C, the vector space of continuous functions
211 p

of —oo < t < oo. State the definition of what it would mean for these three vectors to be linearly
independent in C.

C, (£*-1) + Cz'l:3-" Cs — =0 for ol t

£+

c)nﬁ/ hotds 1#c=co=c3=0

[5]  4b) Using your definition from 4a), show that t> — 1, ¢*, and '+ are linearly independent in C.

(Hint: plug in convenient values of ¢.)

=0 -Foralet

]
c, (£-1) + C2 3+ Cs &=

JL

£=0 : "C,—Cz""CB =0

t=1: Cz +2Cy =0 (4¢4)c3 = O

.e—-v,: "Cz“’JZ.C'.; =o

Ci=Ce=C3 =



[5]  5) Make a list of all possible reduced echelon forms of matrices A with 2 rows and 3 columns, so that
the corresponding linear transformation 7" : R* — R? x — Ax is onto.

0

pivot in exch row of echelon form
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[3]  6a) Give an example of two matrices A # 0 and B # 0 whose product is AB = 0.

m*y Posstu& bies ) €8,

Y AR =[l- ¢+ ) =L 0]

[5]  6b) Someone claims they found an example of AB = (0 where A is invertible, and B is invertible, too.
Prove them wrong!

Al exists } = B=18=(AR)B =A"|(AB)=A-‘O =0
AB=0
B-‘extsi'i/\/

= J=8"8=8'0=0

o [=0 b The chim foath to combraceotion
So muct be V”’?’



2000
[5]  7) Calculate the determinant of A = glg 2 2 8 by showing each step in a cofactor expansion.
6 5 4 3
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] 2.5 vt [f{ §j =25 (%3 —O-‘r)

deb(A) = 2 a(uf[
=10 =IZ¢O_



6 h 3
[8]  8a) For which parameter(s) his A= | 0 2 O] invertible ?
-1 0 0
For those parameter(s), find the inverse.
| 0 o| 0 O -
[AlTI] ~]o 1 o0 "0
6 h 311 0O
-6 +6
h 4
| 0 o]0 O -l
~ Ol 0|0 " O
O 0 3 11| -hy6
| 0 o0 O -l
~ Ol 0|0 "0
00 1 llz-hjg2

RCE of A = L for all h = inwbll forall h

o O -
A-l‘: O ”Z O
13 'J‘/G 2

[2]  8b) What matrix multiplication would you compute to check your result in 8a)?
(Full credit is given for just writing down the matrices to multiply — but some calculation is recommended.)

A,lA"I- or AA—(f-‘I



