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1. (Total 15 points) Consider the unsteady, incompressible, 2D flow described by the velocity field

(a)
(b)
(c)

(a)

u:y2+t
v = 2>

Find the equation, z(y) or y(x), for the streamline passing through point (0,0) at time ¢ = 0.
Find the equations, z(t) and y(t), describing a pathline originating at point (0, 0) at time ¢ = 0.

Calculate the acceleration of a fluid particle at point (0,0) at time ¢ = 0.

Streamlines at t = 0 are given by relation

d_y_

x y
/ w?dr = / yidy
Zo Yo

Carrying out the integral for (xo,y0) = (0,0) gives

. (5 point)

de  u y?
v

Integrating,

Pathline:

NOTE: The equations are nonlinearly coupled, making a closed form solution difficult, thus
solutions should be left in integral form (if you noted this you received full credit). Alterna-
tively, if you ignored this coupling in performing the integrals (as shown below), you also still
received full credit.

For the z-coordinate

e ot
—_— = U =

dt Y

T t
/ dx:/(y2+t)dt
To to

and carrying out the integral (ignoring y’s dependence on t) for xy = 0 and to = 0 we get

Rewriting,

t2
T =yt + 7| (2.5 point)
For the y-coordinate
dy _ v =122
dt

Rewriting,

Y t
/ dy = / z2dt
Yo to

and carrying out the integral (ignoring x’s dependence on t) for yo = 0 and ¢ty = 0 we get

y=x*t|. (2.5 point)
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(c) Acceleration:

Dv_av 8V+ ov
Dt ot or oy
ou ou ou
= — Fu—+v—=1+2°2
Y “m:”a;u Ty
ov ov Jv 9
o= Gy +uGe G = (0P +1)(20)

At (z,y) = (0,0) and t = 0, we get

(5 point)
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2. (Total 20 points) A sluice gate of width b into the page controls the flow of water by raising
or lowering a vertical plate. The water exerts a force F on the gate. Let p be the water density
and other variables be as shown in the diagram. Disregarding the wall shear forces at the solid
surfaces, and assuming steady, uniform flow:

(a) Solve for the horizontal component of the force, F,, the water imposes on the gate. Express
answer in terms of (p, y1,ye,b, g and V})

(b) Based on the expression you derived above, derive an expression for y when F is a maximum.
Assume V] and y; remain constant.

Sluice
gate

Y1 Force F,

vV,
Y, —

(a) Define control volume as water only. Forces F); and F,» due to pressures at sections (1) and
(2) are given by

F,

p

| = PaA; = pg 2 “(y1b) (2 point)
F,

p2 — 02A2 - pg 9 (be) (2 pOZnt)

The momentum equation in the x direction gives
—F, + Fiy — Fpo = —(pAiVi)Vi + (pAVo)Va. (5 point)

Also from continuity Viy; = Vaoys. (1 point) Hence

1 .
Fy = pby, V2 (1 - %) + 5090 (yi —ws) | (5 point)

2

This is the force of the gate on the water. The force on the gate is —F,.

(b) F, is maximum when
OF: _ o _ pbylVl

= — pgbys (5 point
Y2 Y3 ( /
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3. (Total 20 points) A vehicle of mass M scoops stationary water of density p with depth h and
width b into the page, creating an upward jet with angle . Assume the incoming and outgoing
stream of water on the scoop have the same area. Neglect air drag, wheel friction and gravity
effects.

(a) Determine the thrust 7' to maintain a constant acceleration @ in terms of the variables given.

(b) Assume that the thrust is removed (7" = 0), hence the vehicle decelerates from initial velocity
Vo at t = 0. Based on the expression you derived above, find the expression for the velocity

V (t) as a function of time (note: a = 4¥).

A6

/

Mass, M | Thrust, T
<— Velocity, V

I OO
i

(a) Choose control volume moving with the vehicle (1 point). Since the absolute fluid velocity is
zero, the relative velocity entering the control volume is W = 0 — (=V') (1 point) hence the
mass flux passing the control surface is 1 = phbV (2 point). Due to the conservation of mass,
the exit velocity is also V' (1 point). The momentum equation in the x direction is

—T — Ma = —1mV +mV cos(0) (6 point). (1)
Hence
T = phbV*(1 — cos(6)) — Ma. (1 point)
(b) Setting T = 0 in equation (1) and a = V yields
MV = pbhV*(1 — cos(f)). (2 point)

Note, we have flipped the sign on Ma since vehicle is decelerating (1 point). Let the constant
C' = pbh(1 — cos())/M. Separating the equation

|4 AV t
/ :/ Cdt. (2 point)
0

v V?
Integration and simplifying for V' (¢) yields

Vo

Vi) =Tver

(3 point)
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Summary of Equations:

Chapter 4:

Equation for streamlines
Acceleration

Material derivative

Streamwise and normal components
of acceleration

Reynolds transport theorem (restricted form)

Reynolds transport theorem (general form)

Relative and absolute velocities

Chapter 5:

at ax a az
b)) _a) .
o = o TV
a; = Vﬂ a, = v
' as’ "R
DBy, _ B,
Dt = o + pAVoby = piAViby
DBy
ot = EJ;ypde + Lpr < fidA
V=W+V,

Conservation of mass

Mass flowrate

Average velocity

Steady flow mass conservation
Moving control volume

mass conservation

Deforming control volume
mass conservation

Force related to change in
linear momentum

Moving control volume force related

to change in linear momentum

Vector addition of absolute and relative velocities

J

EJ pdV+JpV-fldA:0
m = pQ = pAV

JPV'ﬁdA

A

V=
pA

Emou( - E”iin =0

dJ
;tJ' pdV+J’pW'fldA=0

DM 9
P8 pav ot |
Dt it Jew .

J o
P Vpd¥ + | VpV - 1dA = D Feonents of the

pW -1 dA =0

s

control volume

J WoW - 1 dA = > Foonenss o the

control volume

V=W+U



