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Department of Mechanical Engineering
ME185, Fall 2015

Midterm Exam (22 Oct 2015)

Consider a deformable continuum % undergoing a motion x(X, t), t > 0, with
x(X,0) = X. ~ ey
The velocity field is
‘ v= Q’Q(x t) (2)
e

Consider a differential element dX (i.e., a tangent vector to a fixed curve in the reference
configuration of %) at the location X:

dX=MdS (M-M=1), dXa = MudS. (3)
This element is ma.pbed linearly by the deformation gradient
Ox;
F = —_— i E = det 4
aXAe® A, (J et F > 0) ‘ (4)
into the differential element
dx=mds (m-m=1),  dr; =mds, (5)
at the location x = x(X,?) at time ¢. Recall the polar decomposition theorem ‘
F =RU = VR. : - (6)
Problem 1 (25 points)
(a) Show that
dm=FM, or Im;=F My, (7)
where ) is the stretch function. :
(b) Deduce that |
MN=M-CM = CygMsMg (8)
where ‘
C =FTF, Cap = FiuFip (9)

is the right Cauchy-Green tensor.

(c) Consider the motion described on a fixed orthonormal basis €; = E; by
rL = (1 + t)Xl + Zt.Xz,
mgti1+X2, ) : (10)
T3 = (1 + 3t)X3,



Calculate F, J, and C.

(d) Calculate the velocity field in Lagrangian form.

(e) For the motion (10), calculate the stretch at ¢ = } of the matérial element that lies along
the direction B, in the reference configuration of %&. i

Problem 2 (20 points)

Suppose that the components of the velocity field for the body £ is given in Eulerian form
by - . :

= ct:r%:r;g,

1 .
Ug = —'?;tﬂilil-'g, _ (11)
Vg = 0. -

(a) Calculate the components of the acceleration field.
(b) If the motion is isochorie, solve for the constant c.

(c) For the velocity field in Part (b}, calculate the vorticity vector

1 ' 1
w = "2" curl v, Or w;= *Z-Gijkvk,j. (12)

(d) Check that for the vorticity field in Part (c), divw = 0.

Problem 3 (15 points)

" Recall that for a scalar-valued function ¢ = @(x,t), at any time ¢, the directional derivative
of ¢ at X in the direction of an arbitrary non-zero vector h is given by

5800, 6) = 52 (o +1,8) |,y = V- (13)

(a) For the function o _
¢ = o(x,t) = ctx - X = cta;, (14)

‘where ¢ is a constant, calculate the value of V¢ at the position xy = e, + 3es.
(b) Hence, evaiuate 8¢ (xo, €3,1).
(c) For a tensor field
A=zlre,0e + 21170 e, ®es + 1275 €3 D e, (15)
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calculate
divA = A,-j,jei, (16)

and evaluate it at the position x = e; + e, -+ e3.

Problem 4 (25 points)

Suppose that the Cauchy-Green tensor C and the rotation tensor R at (X, t) are given by
C=4(E1 ®E1+E2®E2)+M2E3®E3, ' (17)

R = cos wt(El ® El =+ Eg ® Eg) — sin wt(El ® Eg - E2 @ E]) + E3 ® Eg, (18)

where i and w are positive constants.
~ (a) Find the right stretch tensof U.
(b) What are the eigenvalues and reigenvectors of U?
(c) Calculate the deformation gradient F',
(d) If the motion is isochoric, solve for pu.
(e) Calculate the left stretch tensor V.

(f) Identify an eigenvalue and eigenvector. of F.



