
1 Problem 1

1.1 A

Approach 1 : We can calculate the electric field above both sheets using the principle of superposition. We will
start by calculating the fields from only a charged sheet and a charged slab and then add them to get the total
field. For only a charged sheet:

∮
~E · d ~A = EtopA− EbottomA = σA/ǫ0

+1 pt

and by symmetry we can say Etop and Ebottom are equal and opposite, yielding the contribution from the sheet:

~Eσ = −

σ

2ǫ0
ẑ

+1 pt

Likewise, we can make a similar argument for the electric field from a charged slab:

~Eρ = +
ρD

2ǫ0
ẑ

+1 pt

These can be added to get the total ~E field:

~Etotal =
ρD

2ǫ0
ẑ −

σ

2ǫ0
ẑ =

ρD − σ

2ǫ0
ẑ

+2 pt

Approach 2 : A gaussian pillbox including both the surface charge and the volume charge can be drawn around
both surfaces. If we assert that the electric field above and below the charge distributions:

∮
~E · d ~A = EtopA− EbottomA = ((ρD − σ)A)/ǫ0

+ 3 pt

~Etop and ~Ebottom are equal and opposite, so this yields the same result as superposition:

~Etop =
ρD − σ

2ǫ0
ẑ

+ 2 pt

1.2 B

To find the electric field we use the principle of superposition. Above the point there is a total charge density:

σabove = ρd− σ

+1 pt

σbelow = ρ(D − d)

+1 pt

The total electric field is given by the principle of superposition;
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~Etotal = ~Etop + ~Ebottom =
σbelow
2ǫ0

ẑ −
σabove
2ǫ0

ẑ

~Etotal =
ρ(D − d)

2ǫ0
ẑ −

ρd− σ

2ǫ0
ẑ

~Etotal =
ρ(D − 2d) + σ

2ǫ0
ẑ

+3 pt

1.3 C

We can find the electric field at any distance below both charges in the exact same way as we used to find the electric
field above both charges, however the final result is pointed in the opposite direction. Using the same argument as A:

~Etotal =
σ − ρD

2ǫ0
ẑ

+5 pt

1.4 D

The electric fields above the positive sheet of charge is changed by:

∆E =
σ

2ǫ0

+1 pt

and below the positive sheet of charge is changed by:

∆E = −

σ

2ǫ0

+1 pt

We can now use the principle of superposition to modify the answer to parts A, B, C to find the new electric fields.

Etop =
ρD

2ǫ0
ẑ

+1 pt

~Emiddle =
ρ(D − 2d) + 2σ

2ǫ0
ẑ

+1 pt

~Ebelow =
−ρ(D)

2ǫ0
ẑ

+1 pt

Note: There are several valid ways to set up Gaussian surfaces to approach this problem. In the case of incorrect
answers, partial credit was awarded generously based on the degree of understanding of Gauss’s law demonstrated.
Unsuccessful solutions attempting to use Coulomb’s law were given no credit.
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2. 

(a) 

Since there is no charge flows between two spheres, the electric potentials on two 

spheres are equal.  

The electric potential on sphere A and B: VA = VB 

(get 4 points for VA = VB and reason) 

Because D >> RA and RB 

You can neglect the electric potential due to sphere B when calculate VA, and vice 

versa. (take 2 points without argument)              

             

(get 4 points with correct VA and VB)                                                                             

(two points for final answer) 

 

(b) 

Sphere A is connected to ground, thus the electric potential on sphere A is 0 

The electric potential of sphere A is due to its own charge and the electric field due 

to sphere B. Since D >> RA and RB, you can take both spheres as point charges.                          

                          

(get 4 points with VA eq.) 

(take 2 points without reasoning) 

(get 1 point with correct QA’) 
Since sphere A now carries negative charge, there is electric force, F, attracting two 

spheres.                       

                                       

(get three points with correct F eq.) 



(get 2 points with correct answer, one for magnitude, one for direction) 



(a) Note that since the area of a circular disc is πr2, and the charge distribution is radially symmetric, I
can write dA = 2πrdr. Since the charge distribution is uniform, Q is just a constant. I integrate from
R1 to R2 since that is where the charge is. The total electric charge is:

Q =

∫

σdA =

∫ R2

R1

σ2πrdr = σπ(R2
2 −R2

1)

(b) The integral to evaluate is the following:

V =

∫

dq

4πǫ0s

Note that here, s is the distance from the element dq on the ring to the point where we want to find
the electric field (where the point charge is). By geometry we get that:

s2 = r2 + z2

Where r is the radial position of dq on the ring.

As before, we can rewrite dq = σdA, and dA = 2πrdr,

V =

∫

σdA

4πǫ0
√
r2 + z2

=

∫ R2

R1

σ2πrdr

4πǫ0
√
r2 + z2

=

∫ R2

2
+z2

R2

1
+z2

σdu

4ǫ0
√
u

=
σ

2ǫ0
(
√

R2
2 + z2 −

√

R2
1 + z2)

In line 3 I used the substitution u = r2 + z2.

(c) Look at the limit that z ≪ R1, R2. Then I can write:

V =
σ

2ǫ0



R2

√

1 +

(

z

R2

)2

−R1

√

1 +

(

z

R1

)2




Using the expansion (1 + x)α ≈ 1 + αx from the equation sheet:

V ≈
σ

2ǫ0

(

R2 +
z2

2R2
−R1 −

z2

2R1

)

=
σ

2ǫ0

(

R2 −R1 +

(

1

2R2
−

1

2R1

)

z2
)

So the potential is quadratic in position. (Note that the constant term does not matter as the place
where potential is 0 could be moved to a place so that that constant is zero).

(d) The energy of the negative charge when it is displaced from the center of the ring is:

∆U = −q∆V = −q(V (z)− V (0)) ≈
qσ(R2 −R1)

4ǫ0R2R1
z2
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The simplest way to solve this is to realize that this is just the energy due to a spring with k =
qσ(R2−R1)
2ǫ0R2R1

. Then, using the hint you can write:

ω =

√

k

m
=

√

qσ(R2 −R1)

2mǫ0R2R1

If you did not remember this, there is still hope. You know that energy is conserved, so while oscillating
it must be true that:

qσ(R2 −R1)

4ǫ0R2R1
z(t)2 +

m

2
z′(t)2 = const.

In an oscillation, the particle is travelling in a periodic motion, so you could write that z(t) =
0.01R1 cos(ωt). Plugging this in, you see that you have something that looks like C cos2(ωt)+D sin2(ωt) =
const. This can only be true if C = D, so solving that for ω with this gives the same answer as before.

Yet another solution is to take the time derivative of the energy conservation equation above. This
gives:

qσ(R2 −R1)

2ǫ0R2R1
z(t)z′(t) +mz′′(t)z′(t) = 0

In general, z′(t) is nonzero so I can divide by it to get:

mz′′(t) = −
qσ(R2 −R1)

2ǫ0R2R1
z(t)

This is a differential equation on the equation sheet for which the solution is given, and you could pick
out the frequency from that solution.
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Midterm 2, Question 3 (Dan and Alison)a) (4 points)- 2 points for understanding that Q=σA, but having the wrong expression for A (need to actually plug something in for A, can’t just say A)- -1 for algebra mistakeb) (6 points)- +1 point for outlining correct methodology to find V (either direct integral form OR finding E then integrating)
o NOTE: just writing down the formula isn’t sufficient to get any points. You must somehow reference geometry of the situation, or indicate you know how you will evaluate the integrals- +1 for rewriting dq=σdA- +1 for s2=r2+x2- +1 for rewriting dA=2πrdr- +2 for correctly following through with outlined methodology, i.e. taking the integrals correctly (provided you show a correct way to calculate E, if you calculate V from E)- -1 for algebra mistake, writing down slightly wrong equation, other minor errors- NOTE: maximum 1 point for entire part (b) if either Gauss’ law is used OR you consider the disk as a point charge (represents fundamental misunderstanding of geometry of problem)- NOTE: max 3 points for claiming electric potential has components and making an argument like thatc) (5 points)- +1 for realizing you need to take the limit as x->0- +3 for using correct Taylor approximation- +1 for recognizing quadratic dependence (assuming your taylor expansion was correct)- -1 for algebra mistake- NOTE: max 2 if right taylor expansion, but used the wrong potential d) (5 points)- +4 points regardless of method (energy/force) relating known quantities to a equation of k and ω (correctly)- +1 point for correct final answer- If equation is incorrect or not present:
o +2 maximum for outlining a correct method to find harmonic dependence (could be only +1 if not enough detail is present), this could be if you don’t get F proportional to x etc.



1 Problem 4

1.1 Part a

Initially the second capacitor acts like a wire and we see a voltage V = Q/C1 being
discharged through the resistor. So I = V

R = Q
C1R

2 Points for the voltage and 2 points for the current

1.2 Part b

Charge must be conserved and the two will have equal and opposite voltages.

Q

C1
=

Q0 −Q

C2

1

C1
+

1

C2
=

1

Ceq

Q

Ceq
=

Q0

C2

Q =
Ceq

C2
Q0

=
C1Q0

C1 + C2

1 point for charge conservation. 1 point for the voltages being equal. 2 points to
solve the system.

1.3 Part c

Write down the loop rule

Q

C1
+

dQ

dt
R−

Q0 −Q

C2
= 0

dQ

dt
= −

1

R
Q(

1

C1
+

1

C2
) +

Q0

RC2

a =
1

RCeq

b = −

Q0

RC2

dQ

aQ+ b
= −dt
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1

a
ln

aQ+ b

b
= −t

Q =
b

a
e−at

−

b

a

=
Q0C1

C1 + C2
(e−(C1+C2)t/RC1C2

− 1)

It is 0 initially and the answer in part b at ∞ as desired.

3 points for writing down the loop rule correctly. 2 points to solve the differential
equation.

1.4 Part d

The current is

I =
dQ

dt

=
Q0

RC2
e−(C1+C2)t/RC1C2

+1 point for saying it is the derivative. +3 points for differentiating correctly. 2 if
the result showed inconsistensies.

1.5 Part e

If a dielectric is inserted into the second capacitor, it’s capacitance changes by a factor ǫ
ǫ0

Inserting that gives the new Q2

=
Q0C1

C1 + κC2
(e−(C1+κC2)t/RC1κC2

− 1)

2 points for using ǫ instead.
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Pr♦❜ ✺

❨✉❣✉❛♥❣ ❚♦♥❣✱ ❘♦❜❡rt ❍❡❛❧❤♦❢❡r

◆♦✈❡♠❜❡r ✶✶✱ ✷✵✶✸

✭❛✮

❈♦♥s✐❞❡r ❛ ❞✐♣♦❧❡ ❝♦♥s✐st❡❞ ♦❢ t✇♦ ♣♦✐♥t ❝❤❛r❣❡s −q ❛♥❞ q s❡♣❛r❛t❡❞ ❜② ❞✐st❛♥❝❡ d✳ ❙❡t ✉♣ ❛
❝♦♦r❞✐♥❛t❡ s②st❡♠ s♦ t❤❛t t❤❡s❡ t✇♦ ❝❤❛r❣❡s ❧✐❡ ♦♥ t❤❡ z ❛①✐s✳ −q ❧✐❡s ❛t r

−
=(0, 0, −d/2)✱

❛♥❞ q ❛t r+ =(0, 0, d/2)✳ ❆t ❛ ♣♦✐♥t r = (0, 0, z) ♦♥ t❤❡ ❛①✐s✳ ❚❤❡♥ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s

E =
1

4πǫ0

−qẑ

| r− r
−
|2
+

1

4πǫ0

qẑ

| r− r+ |2

=
q

4πǫ0

[

−

(

z +
d

2

)

−2

+

(

z −
d

2

)

−2
]

ẑ

=
q

4πǫ0

1

z2

[

−

(

1 +
d

2z

)

−2

+

(

1−
d

2z

)

−2
]

ẑ ✭✶✮

❲❤❡♥ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♣♦✐♥t ✐s ❢❛r ❢r♦♠ t❤❡ ❞✐♣♦❧❡✱ z ≫ d✱ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡
❚❛②❧♦r ❡①♣❛♥❞❡❞ ✭r❡❝❛❧❧ t❤❛t (1 + x)a ≈ 1 + ax ❢♦r x ≪ 1✮

E =
q

4πǫ0

1

z2

[

−

(

1 +
d

2z

)

−2

+

(

1−
d

2z

)

−2
]

ẑ

≈

q

4πǫ0

1

z2

[

−

(

1 +
d

2z
× (−2)

)

+ 1−
d

2z
× (−2)

]

ẑ

=
1

4πǫ0

2 (qd) ẑ

z3
✭✷✮

■❞❡♥t✐❢②✐♥❣ t❤❡ ❞✐♣♦❧❡ ♠♦♠❡♥t ✐♥ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥✿ p ≡ qd = qdẑ✿

E =
1

4πǫ0

2p

z3
✭✸✮

❈♦♠♠❡♥t✿ p ≡ qd = qdẑ✱ ✐♥ t❤❡ ❛❜♦✈❡ s❡tt✐♥❣✱ ❢♦❧❧♦✇s t❤❡ ❝♦♥✈❡♥t✐♦♥ ✐♥ ♣❤②s✐❝s✱ t❤❛t ❛
❞✐♣♦❧❡✬s ❞✐♣♦❧❡ ♠♦♠❡♥t ♣♦✐♥ts ❢r♦♠ t❤❡ ♥❡❣❛t✐✈❡ ❝❤❛r❣❡ t♦ t❤❡ ♣♦s✐t✐✈❡ ❝❤❛r❣❡✳ ❈❤❡♠✐sts
s♦♠❡t✐♠❡s ✉s❡ ❛ ❞✐✛❡r❡♥t ❝♦♥✈❡♥t✐♦♥✱ ✇✐t❤ ❞✐♣♦❧❡ ♠♦♠❡♥t ♣♦✐♥ts ✐♥ t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥
p ≡ qd = −qdẑ✳ ❍❡♥❝❡ ✐❢ ②♦✉ ❢♦❧❧♦✇ t❤❡ ❈❤❡♠✐str② ❝♦♥✈❡♥t✐♦♥✱ ②♦✉r ❡♥❡r❣② ❢♦r♠✉❧❛ ✇✐❧❧
t❛❦❡ t❤❡ ❢♦r♠ U = p · E r❛t❤❡r t❤❛♥ U = −p · E✳ ❲❡ ❛r❡ r❛t❤❡r ❧♦♦s❡ t❤✐s t✐♠❡ ❛❜♦✉t t❤❡
❝♦♥✈❡♥t✐♦♥✱ t❤♦✉❣❤ ②♦✉ ❛r❡ ❡①♣❡❝t❡❞ t♦ st❛t❡ ✐t ❡①♣❧✐❝✐t❧②✱ ✐❢ ②♦✉ ❡✈❡r r❡❛❧✐③❡✳ ❍♦✇❡✈❡r✱ ♦♥❧②
♣❛rt✐❛❧ ❝r❡❞✐t ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❢♦r ❤❛✈✐♥❣ ✇r♦♥❣ s✐❣♥s ✐♥ ♣❛rt ✭❜✮ ❛♥❞ ✭❝✮✳

✶



✭❜✮

■❢ t❤❡ t✇♦ ❞✐♣♦❧❡s ❛r❡ ❛❧✐❣♥❡❞✱ p1 · p2 = p1p2✱ ❤❡♥❝❡✱

U = −p2 · E1

= −p2 ·

(

1

4πǫ0

2p1

r2

)

= −
1

4πǫ0

2p1p2
r3

✭✹✮

✇❤❡r❡ E1 ✐s t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ♣r♦❞✉❝❡❞ ❜② p1✳
❈♦♠♠❡♥t✿ ◆♦ ♣♦✐♥ts ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❢♦r s✐♠♣❧② ♣✉t ❞♦✇♥ U = −p · E✱ ❛s t❤❡ ❢♦r♠✉❧❛ ✐ts❡❧❢
♠❛❦❡s ♥♦ s❡♥s❡ ✉♥❧❡ss ②♦✉ ♣✉t ✐t ✐♥ ❛ ❝♦♥t❡①t✳ ❆t ♠♦st ✶ ♣♦✐♥ts ✇♦✉❧❞ ❜❡ ❣✐✈❡♥ ✐❢ ②♦✉ s✐♠♣❧②
❝❧❛✐♠ t❤❛t E ❢r♦♠ ✭❛✮ s❤♦✉❧❞ ❜❡ ♣❧✉❣❣❡❞ ✐♥ U = −p · E✳ ❨♦✉ ❤❛✈❡ t♦ s❤♦✇ ❤♦✇ ②♦✉ ❛❞❛♣t
t❤❡ ❢♦r♠✉❧❛ ✐♥ ✭❛✮ t♦ r❡✢❡❝ts t❤❡ ❝❤❛♥❣❡ ♦❢ ❝♦♥✜❣✉r❛t✐♦♥✳

✭❝✮

■❢ t❤❡ t✇♦ ❞✐♣♦❧❡s ❛r❡ ❛♥t✐✲❛❧✐❣♥❡❞✱ p1 · p2 = −p1p2✱ ❤❡♥❝❡✱

U = −p2 · E1

= −
1

4πǫ0

2p1

r2
· p2

=
1

4πǫ0

2p1p2
r3

✭✺✮

✭❞✮

■♥s✐❞❡ ❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞✱ ❛ ❞✐♣♦❧❡ ❢❡❡❧s ♥♦ ♥❡t ❡❧❡❝tr✐❝ ❢♦r❝❡✳ ❇✉t ✐t ❞♦❡s ❡①♣❡r✐❡♥❝❡ ❛ t♦rq✉❡ τ

τ = p× E ✭✻✮

✇❤✐❝❤ ❤❛s ♠❛❣♥✐t✉❞❡
τ = pE sin θ ✭✼✮

✇❤❡r❡ θ ✐s t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ p ❛♥❞ E✳
■♥ t❤❡ ✜❣✉r❡ ❜❡❧♦✇ t❤❡ ♣❛rt ✭❞✮✱ t❤❡ ❞✐♣♦❧❡s ❤❛✈❡ t❤❡✐r ❞✐♣♦❧❡ ♠♦♠❡♥ts ❡✐t❤❡r ♣❛r❛❧❧❡❧ ♦r

❛♥t✐♣❛r❛❧❧❡❧ t♦ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✱ ❣✐✈✐♥❣ sin θ = 0✳ ❍❡♥❝❡ t❤❡ t♦rq✉❡ ✈❛♥✐s❤ ❢♦r ❜♦t❤ ❞✐♣♦❧❡s✳
❚❤❡r❡ ✐s ♥♦ ♥❡t ❢♦r❝❡✱ ❡✐t❤❡r✳ ❙♦ t❤❡ ❞✐♣♦❧❡s ✇✐❧❧ r❡♠❛✐♥ t❤❡✐r ♣♦s✐t✐♦♥s ❛♥❞ ❝♦♥✜❣✉r❛t✐♦♥s✳

❈♦♠♠❡♥t✿ p1 ✐s ✐♥ ❛ st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ ✇❤✐❧❡ p2 ❛♥ ✉♥st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠✱ s✉s❝❡♣t✐❜❧❡ t♦ t✐♥②
♣✉rt✉r❜❛t✐♦♥✳ ❍❡♥❝❡ ✉♥❧❡ss ②♦✉ ❡①♣❧✐❝✐t❧② ♠❡♥t✐♦♥ t❤❛t p2 ✐s ✉♥st❛❜❧❡✱ ✇❡ ✇✐❧❧ ♥♦t ❝r❡❞✐t
❛♥s✇❡rs s❛②✐♥❣ t❤❛t p2 ✇✐❧❧ ✢✐♣ ✐ts ❞✐r❡❝t✐♦♥✳
❆❣❛✐♥ ✐❢ ②♦✉ ❛❞♦♣t❡❞ t❤❡ ❝❤❡♠✐sts ❝♦♥✈❡♥t✐♦♥ ♦❢ ❞✐♣♦❧❡ ♦❢ ♠♦♠❡♥t✱ τ = −p× E✳ ❆♥❞ ✐t ✐s
p2 ✐♥ st❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠✳

❋♦r ❛ ❞✐♣♦❧❡ ✐♥ ❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞✱ t❤❡ t♦rq✉❡ ✐s ♠❛①✐♠✉♠ ✇❤❡♥ p ⊥ E✱ ❛♥❞ τmax = pE✳
❚❤✐s r❡s✉❧t ❝♦♠❡s str❛✐❣❤t❢♦✇❛r❞❧② ❢r♦♠ ❊q✳ ✭✼✮✳

✷




