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The electric field in a capacitor is

E =
σ

ε0

Using the fact that for parallel plates, Q = CV = A
ε0d

V we have E = V
ε20d

.

Now, summing the forces in the x and y directions we have the equations:

mg = T cos θ

qE = T sin θ

It follows that:
qE

mg
= tan θ =

qV

mgε20d

This specifies the magnitude of q. We know from the direction of the battery that q must be negative.
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The expression for the potential can be written down immediately:

V (x) =

∫
kdq

r
=

∫ 2π

0

∫ θ0

0

kσR2 sinφ√
R2 + x2 − 2Rx cos (π − φ)

dφdθ = 2πkσ

∫ θ0

0

sinφ√
1 +

(
x
R

)2 − 2 xR
cos (π−φ)

R

dφ

We can actually do this integral exactly but it is easier to first use the expansion given in the problem on
the denominator.

V (x) ≈ 2πkσ

∫ θ0

0

sinφ

(
1 +

x

R

cos (π − φ)

R

)
dφ = 2πkσ

(
1− cos θ0 −

x

2R2
sin2 θ0

)

= 2πkσ(1− cos θ0)

[
1− x sin2 θ0

2R2(1− cos θ0)

]
= 2πkσ(1− cos θ0)

[
1− (1 + cos θ0)

2R

x

R

]
Thus we have that

V0 = 2πkσ(1− cos θ0) and α = − (1 + cos θ0)

2R

To find the electric field we first notice that it must be in the x-direction by symmetry. Thus we only need
the gradient in the x̂ direction and it suffices to take the derivative with respect to x, and then set x = 0.
This gives:

~E =
V0α

R
x̂
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To do this problem we will use superposition of electric fields and assume that ρ is positive (WLOG). The
electric field at some radial distance r < R from the cylinder with no hole is given by Gauss’ Law. Take a
gaussian cylinder of length l parallel to the axis. Then:∮

~E · d~a = 2πrlE =
Q

ε0
=
πr2lρ

ε0
=⇒ ~E =

rρ

2ε0
r̂

1



Likewise if we position the field of the missing sphere of charge at the origin it is:

~E =
4/3π

(
R
2

)3
(−ρ)

ε04πr2
r̂ = −

(
R
2

)3
ρ

3ε0r2
r̂ (r > R/2)

Where the electric field is due to an oppositely charged sphere of the same charge density. Also note that
the field at the center of a sphere is 0.
Now we are ready to add the fields. At point A the field of the cylinder is 0 because r = 0, but the field of
the sphere points in the positive direction:

~EA =

(
R
2

)
ρ

3ε0
x̂

At position B, the cylinder field is pointing in the positive x direction and the sphere field is pointing in the
negative y direction:

~EB =

(
R
2

)
ρ

3ε0
(−ŷ) +

Rρ

4ε0
x̂

Atpoint C, the sphere field is 0 and the cylinder field is the same as B:

~EC =
Rρ

4ε0
x̂
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This problem has three main parts: finding the electric field due to the two simple
configurations, and then superposing these fields at the three points A, B, and C. Points
are awarded as follows:

Cylinder (7 total)

• Argument (Gauss’s Law) 4
• Magnitude 2
• Direction 1

Sphere (5 total)

• Argument 2
• Magnitude 2
• Direction 1

Superposition (5 total)

• Statement/use of principle: 3
• Execution: 2

Final answers (3 total)

• A 1
• B 1
• C 1
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