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Question 1
Constraint Forces and Friction

Consider a particle which is in motion on a rough surface. A curvilinear coordinate
system ¢', g2, ¢® is chosen such that the surface can be described by the equation

¢* =d(t), (1)
where d(t) is a known function of time t.

(a) (10 Points) Suppose that the particle is moving on the rough surface.

(i) Argue that v, = ¢'a; + ¢?a,.

(ii) Give a prescription for the constraint force acting on the particle.

(b) (10 Points) Suppose that the particle is stationary on the rough surface. In
this case, two equivalent prescriptions for the constraint force are

3
F,=N+F; =Y \a'. (2)
i=1
(i) Show that
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where N, and F fl and Ff2 uniquely define the normal force N and friction
force Fy, respectively, and

aip = a; - ay, (i,k=1,2,3). (4)

(ii) For which coordinate systems does Ffl = Al Ff2 = Xy and N = A\37 Give an
example to illustrate your answer.

(c) (5 Points) Suppose that a spring force and a gravitational force also act on
the particle. Prove that the total energy of the particle is not conserved, even
when the friction force is static.



Question 2
A Particle Moving on a Helicoid

Consider a particle of mass m which is in motion on a helicoid. In terms of the
cylindrical polar coordinates r, 8, z, the equation of the right helicoid is

z = ab, (5)
where « 1s a constant. A gravitational force —mgE3 acts on the particle.

(a) (10 Points) Consider the following curvilinear coordinate system for £*:

¢ =0, ¢=r, P=v=z-ab. (6)
Fither show that
a; =rey+aE;, a;=e, az=E;j, (7)
or show that
p_ 1 2 3 o
a =-e, a‘=e¢e, a =FE;— —e (8)
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(b) (15 Points) Consider a particle moving on the smooth helicoid:

(i) What is the constraint on the motion of the particle, and what is a prescrip-
tion for the constraint force F. enforcing this constraint?

(ii) Show that the equations governing the unconstrained motion of the particle

are
d 2., 2\ j
= (m (r +« )9) = —mgao,
d .
pr (mit) —mre? = 0.
(9)
(iii) Prove that the angular momentum Hy - E3 is not conserved.
(c) (10 Points) Suppose the non-integrable constraint
0 + h(t) = 0, (10)

is imposed on the particle. Establish a second-order differential equation for r(¢),
a differential equation for § and an equation for the constraint force enforcing
the non-integrable constraint. Indicate how you would solve these equations to
determine the motion of the particle and the constraint forces acting on it.



Notes on Cylindrical Polar Coordinates

Recall that the cylindrical polar coordinates {r, 8, z} are defined using Cartesian
coordinates {x = z;,y = ¥,z = x3} by the relations:

)
r =2} + 13, 0=arctan<——>, z=a3.
45

In addition, it is convenient to define the following orthonormal basis vectors:

e, cos(f) sin(f) 0O E,
e | = | —sin(f) cos(h) 0 E,
e, 0 0 1 Ej

€9

Figure 1: Cylindrical polar coordinates

For the coordinate system {r, 6, z}, the covariant basis vectors are
a) = €, ay =T¢€y, az = €.

In addition, the contravariant basis vectors are

1 .
al=e,, a’=-e), a’=e,.
r

The gradient of a function u(r, 6, z) has the representation
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