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Final Examination
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170 Barrows Hall

Closed Books and Closed Notes
Each Question is Worth 25 Points

Useful Formulae

For all the corotational bases shown in the figures
e; = cos(0)E, +sin(0)E,,
e, = cos(0)E, —sin(6)E,. (1)

The following identity for the angular momentum of a rigid body relative to a point P will also
be useful:
Hp =H+ (X —xp) X mv. (2)

In computing components of moments, the following identity can be useful:

(axb)-E,=(E, xa)-b. (3)

Finally, recall that the work-energy theorem of a rigid body which is subject to a system of K
forces and a pure moment M, is

K
T=)F,-vi+M, w. (4)

i=1
Here, v; is the velocity vector of the point where the force F; is applied.



Question 1
A Particle in a Slotted Disk

As shown in Figure 1, a particle of mass m, is attached by a pair of identical springs to a circular
disk of mass my. The particle is free to move in a smooth grove milled on the surface of the
circular disk. The disk is fixed at its center point O and is free to rotate about the vertical E,
axis.

The position vector of the particle relative to the center O of the disk is
x1 = hey + ze, (5)

where h is constant. The moment of inertia of the disk is Ip,,, and the stiffnesses of the springs

K
are 5

Circular disk of mass mo

Figure 1: A particle of mass my is free to move in a smooth slot on a circular disk of mass ma.

(a) (10 Points) Show that the kinetic energy and angular momentum relative to O of the
particle-disk system is
Ho = HoE. = (lo:: +m (h* +3%)) 0B, — mhiE,,
my .o 1

T = Si+s (Zosz +my (B? + 22)) 62 — myhad. (6)

(b) (5 Points) Draw a free-body diagram of the particle and a free-body diagram of the
circular disk.

(c) (5 Points) Show that the equations governing the motion of the disk-particle system are

dHo

—0 =0 mi(i-hf—2’) = —Ku. (7)

(d) (5 Points) Give an expression for the total energy E of the system and verify with the
help of (7), that E = 0.



Question 2
A Sliding Rigid Body

As shown in Figure 2, a circular cylinder of radius R, mass m, and moment of inertia (relative
to its center of mass) I,, slides on a rough inclined plane. The position vector of the center of
mass C has the representation

X = zE, + yoE,, (8)
where g is a constant. The point P is the instantaneous point of contact.

Figure 2: A rigid cylinder of mass m and radius R sliding on an inclined plane.
(a) (5 Points) Using the identity v = v; + w x (X3 — x;) applied to two points on the rigid
body, show the velocity vector of the instantaneous point of contact has the representation
Vp = UPE:,;, Vp = T+ RO, (9)
where w = 0E, is the angular velocity of the rigid body.

(b) (5 Points) Draw a free-body diagram of the rigid body. In your free-body diagram give
a clear expression for the friction force.

(c) (6 Points) Using balances of linear and angular momentum, show that the differential
equation governing the slip velocity vp is

vp = gsin(¢) — pag cos(¢) (

Izz 2
+mR ) Up (10)

I 2z IUPl ’
where 1, is the coefficient of dynamic friction.

(d) (4 Points) Starting from the work-energy theorem (4), prove that the total energy F of
the sliding rigid body decreases with time.

(e) (5 Points) Suppose ¢ = 0 and that the body is given an initial velocities &, and 6, where
vp, = &g + Rby < 0. Determine the time 7 that it will take for the slip velocity to reach zero.



Question 3
A Tipping Point

As shown in Figure 3, a slender rod of mass m, length L, and moment of inertia I, = -’% is at

rest in a vertical position with the material point labelled A in contact with a rough horizontal
surface. The rod is given a slight inclination and released. As the rod falls, the friction force at
A eventually become insufficient to prevent the point A from sliding.

During its motion, a vertical gravitational force —mgE, acts on the rod.
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Figure 3: A slender rod of mass m is free to rotate about A and the point A is free to move on a rough horizontal
surface.

The position vector of the center of mass C has the representation

_ L
X = 5€ + Xy, (11)

where x4 is the position vector of A.

(a) (5 Points) Show that the angular momentum Hy of the rod and the kinetic energy of
the rod have the representations

mual .

mluva fcos(0),  (12)

m

2

. 1 .
Hy = I4,,0E, — cos(E,, T= 5.rAzzoz + —v? —

mL2

2= and x4 = v4E,.

where [4,, =

(b) (5 Points) Assuming that A is in contact with the horizontal surface, draw a free-body
diagram of the rod. Distinguish the cases where v, = 0 and v, # 0.

(c) (10 Points) Assuming that A is stationary, show that
mglL

; L . )
14,0 = sin(f), R, =mgE, — me fe, + 6% 13
Yy 9 Y

where R4 is the reaction force at A. In addition, using the work-energy theorem (4), prove that
the total energy of the rod is conserved. In your solution give a clear expression for the total
energy F.

(d) (5 Points) Suppose A is sliding on the horizontal surface. Outline how you would
determine the equations governing the motion of the rod.



Question 4
A Particle Colliding with a Rigid Body

As shown in Figure 4, a particle of mass m, is traveling with a velocity —upE, when it collides
with a stationary rod. The uniform rod, which has a mass m,, length L, and a moment of
inertia relative to its center of mass of I, is free to move on a horizontal plane. Following the
collision, the particle adheres to the rod and the particle-rod move as a single rigid body on the
smooth horizontal plane.
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Figure 4: A particle of mass m, collides with a rod of mass my. The basis vectors {e;, ey, E,} corotate with the
rod

(a) (4 Points) Assuming that the particle adheres to the end of the rod following the collision,
show that the position vector x of the center of mass C of the particle-rod following the collision

has the representation
_ _ my L
X=Xy—|——— ) —e 14
2 (ml + m2> 27" (14)
where X, is the position vector of the center of mass Cj of the rod.

(b) (5 Points) Assuming that the particle adheres to the end of the rod following the collision,
determine the velocity vector of the center of mass of the particle-rod immediately following the
collision.

(c) (8 Points) Show that the angular velocity vector w of the particle-rod immediately
following the collision can be expressed in the form

wE, = ( e ) (LU°> E.. (15)
my + mo 21

For full credit, provide an expression for I.

(d) (8 Points) Show that the kinetic energy lost during the collision can be expressed in the
form

AT — %mwg (1- H). (16)

For full credit, provide an expression for H.



C“ AUESTION |

@) x, = hey + xc®x
_5_C| = —hég,xi’ @2 + xe"@g
li" = Lz;ég% + Xy x My ::E‘
= (1:02_2 9)@_3

)\

+ m,(hCs+ x@x) x ((X-hB)ex + xOSy)
( Loz + m(h"+ ) OE: — mhabEe

T= ;n'_ qu..a‘— + ’;E_‘ml ic-t' ic.
lT. Tou.'et + ':‘__ m,

((E+ W8 - 2h6x) + 87)
%..(Iou_ + m\(:ﬂ'-i-\’}'))@t - m‘héi +

]

s -2
amx
b
®) Ny@y+NLE3 = N
fs 5 - Kx.gx
~"MgEa
Me 2 Mex@x + My @y
BO = Roxgx + Roxgy + 201@1
() Blene § Pyl momenbum of the Dish ~Prcke s0emn chok O :
dits . mo
Tohirg tte B2 Component § ths eawdin Mo .Ez = o
=0

—G_{_Ho =0 Qhare
ot

Ho &= Ho.Ez




For th pehde

.. . . ‘A .- .
F= mXx,. x, = ~he®x ~hbey +xgx + 21bey
—xe Ex +x§§3.

‘Tdt\rj te €& wwponent é tho eaundton

—Kx = m x;-® =z m (X -x8 — hé)

d) E = T + fK*

E = myxx + { Tezy + m‘(h"—\-x"))éé'
et M, x 8 - M hZ0 - mhxB + Kxx ()
Subshhk, Kx ~m (X — x’e‘—-\-,é') end l:lo =0 bk )

Yiddo Ya callk g=o




| CULESTiow 2 \ 5

(o)

=
1}

4!
IR

)

X Ex + BEax (~REy)

+ Wx (Xe -

= (x+ Ré)gx
- \IPE"
\b)
—mg = mySing Ex ~ MytapEy
-my :
J 5= —pdudll v g,
=Fe B IVpl
NEYB Ff-__x
\©) F= mx Ex Fs + mgSind = mx
‘Ey N = mg&n¢
w:i{_ . -E2 RFe = I'.zz.é
Hone m\.fp = m5r- + méR
= mySing + Fy + M [p
T2
= mgSind  + ] + o >F5
T
= MySad <+ ( ] + mR") ~-pd mgCop Ve
T IVp)
Reatcoaging

Vo = g Fd()+ :mniff)gco# Ve
L Vel




C T=  Fs.¥p + N.¥p - mg.X
= 5}_(&: T+ mg-i-) = Fs.¥p + N.vp
= T pdllRl ¥eXe 4 0 (@ N1 V)
Vel

< O

Hove E deccewesuith Hoc,

@) 3% =6 add \Up (o) < o bhea

\.fp = —‘Mg ( I?.L'l'mz\- ) -1 when VP({:)‘O
T
(::‘ Heace ‘ntfjfdbqj tha eandfon and St*ﬁéj Vp(T) = o
© —(+Vpte)) = +pdy [Izumn“)-c
T
= - - Tw Vplo) 1 note e~ Vpio) >0
T + o™ M. s« T > o0,

- =lops

35500




QMESTIon 3

@)
. _ _ - | A
Hae = R + (X -Xa)xmy
. L L]
= TaBEx + T@yx (mvgEx - mk 6 ex) X = xa + i_y
. l\i: Va ?L;éeﬁ(
= T BEz MLVRGrBEg + ML g Ea
[N 4 -
= (Ta + ml—")ééa — ™ML VpCaBEa
[TY e
=  Tan OBz - mL VaGoBER
T
T=  imT¥ + {Hw

[ . - piig B8
= im ( VREx - TO(CBEx +5i8Ey)).¥ + 1 T2
= tmVg + i MEE" - MLGedVe 4L Tus

T

1 . by -

= TmVg + % Ipud - mt §vp Ce®
2.

(b)

Ra = NEy + F$Ex

~MeE
M5y E;._E_x © LWAewn When Ya = 0

| FsEx = - MAINEI Ve Ex wa Vezdq,
[Va]




35500

<) When !n:& e cn bl noneds ok R
C’; EFV* Ma = ‘\‘"iegx ~ Mg Ey
= T(-Sind B +Cob &) x ~myg Ey
= + mgL ¢,.0 Ea
2
Hene. .
Tan® = mgl sind
e
Fom F= MY Ll V= -T68&x - —E’e“e:,
we find Yt
Ra =

IRt

- Ey. -4 Ey. %
— e (s )

.il_-E::.T-!-m Ey. X\ =
oU-’( 9=y ")

|
(o)

(d) 35 P sliding  Ue te @wdien govemirg ta mihiom ¢ th rod cwe faod Frome
F-mv ord M=H:

. .. .
g_n - Magy = v (Va Ex -':,-‘_eex -;"'-_Ged) .
Iz;ggfg =

L @xx Ra
Thee eomddw peodide D eaqudlone Fx te whnouns

M, O cad Vp
9 e eandions

3“ = NEY .\,ﬁ.

- MNdN Vel Ex




(€) Dusivg collisien

SR R TUREY -2
mym /L~
th)  Linear wmomenbum, ?}\t" Sysem o camscried So

]

- M Ve By
M+

Beforce Collision Rn

L ex
.

(o
Bl’ M'!l)lh'_ﬂu Lm‘ *ml-)g ) m‘g. 4 m;g‘_
s il — l—
Heoviover L = €, + T g’(
SO (m‘+m‘.)::x =
ond so
x = X -~ [m,
myt+my
Gwﬂg 5—9

Uoirg conservdion 9 H. E2

= mm.L.Vo

- = —(E'_ZC')X m'V°§y
= h ).‘: Ex X mVe By
™m0y 2z
- m, my L Vo ’%i
2-(*“.-fmg)
aster elisw, K = Tliasﬁm é§%
Sys\on
= I = T2 + mol™ mt
4 (m;-l-lm.)"
= T + m, my -,:l-

m“t‘mb lf-

1

2(mtmy) I

m:_x_q_‘f m 2% mg L ®x
— =

mll}( my
4 Qu,—rm..)“




35500

Toege -~ Taflar

£ r (mitm) ( m Ve
(m, +m)

w &
1 V:;ml M ma. L ™M ) = .;-.m,\!t H
z 2(my+me) T m,+ My
= —LLM‘\!: + M — m\m-‘ic-

m, + 2(m, )T

-

= wMVp ( My l - m,m_L Q&me'm'?

m, +m ZI &*I»\T

"

(altwdi® oopression)




