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MIDTERM 1 - PROBLEM 4 SOLUTION

1. Part A

What condition must be satisfied at the junction between materials 1 and 2?

The rate of heat flow must be uniform throughout each component. As heat flow into
the junction must equal heat flow out of the junction, the heat flow must be uniform
throughout the composite material:

(1)

(
dQ

dt

)
1

=

(
dQ

dt

)
2

2. Part B

Determine TJ in terms of known quantities.

We now recall the equation for heat flow through a uniform material of heat conductivity
k, area A, length L, and temperature difference ∆T :

(2)
dQ

dt
=

−kA∆T

L

Combining equations (1) and (2), we have:

−k1A (Tj − TL)

x1
=

−k2A (TR − Tj)

x2 − x1
k1 (Tj − TL) (x2 − x1) = k2 (TR − Tj)x1

k1 (x2 − x1)Tj − k1 (x2 − x1)TL = k2x1TR − k2x1Tj

[k1 (x2 − x1) + k2x1]Tj = k2x1TR + k1 (x2 − x1)TL

(3)

We arrive at our final expression for the temperature at the junction:

Tj =
k2x1TR + k1 (x2 − x1)TL

k1 (x2 − x1) + k2x1
(4)
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3. Part C

What is the rate of heat flow per surface area through region 1? Give its unit.

Applying equations (2) and (4), we have:

(
dQ

dt

)
1

=
−k1A (Tj − TL)

x1

=
k1A

x1
(TL − Tj)

=
k1A

x1

(
TL − k2x1TR + k1 (x2 − x1)TL

k1 (x2 − x1) + k2x1

)(5)

The rate of heat flow per surface area through region 1 is

(
dQ
dt

)
1

A
=

k1
x1

(
TL − k2x1TR + k1 (x2 − x1)TL

k1 (x2 − x1) + k2x1

)
(6)

In the SI system, this quantity has units of J
m2s

or kg
s3

.

It turns out that we can simplify this expression into a nicer form (this is not necessary
to get full points on the problem):

(
dQ
dt

)
1

A
=

k1
x1

(
k1 (x2 − x1) + k2x1
k1 (x2 − x1) + k2x1

TL − k2x1TR + k1 (x2 − x1)TL

k1 (x2 − x1) + k2x1

)
=

k1
x1

(
k1 (x2 − x1)TL + k2x1TL − k2x1TR − k1 (x2 − x1)TL

k1 (x2 − x1) + k2x1

)
=

k1
x1

(
k2x1TL − k2x1TR

k1 (x2 − x1) + k2x1

)
=

(
k1k2

k1 (x2 − x1) + k2x1

)
(TL − TR)

= −

(
k1
x1

· k2
x2−x1

k1
x1

+ k2
x2−x1

)
∆Ttot

(7)

The expression in parentheses is the effective conductivity per length,
keff
x2

.

4. Part D

Calculate keff for a temperature difference of (TR − TL) = 30 K, a total thickness x2 =
30 cm and a rate of heat flow per surface area of 10 W/m2. Applying equation 2, we have:
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(
dQ
dt

)
1

A
=

−keff (TR − TL)

x2

(8)

As the right side is at a higher temperature than the left side, the heat flow will be
negative (to the left):

−10 W/m2 =
−keff · 30 K

.30 m

keff = .10
W

m · K

(9)



Problem 5 Rubric

20 pts total

a- find W : 5 pts

• 2 pts for isochoric processes, 1 for W = 0, 1 for explanation

• 3 pts for adiabatic processes

b- find Q: 5 pts

• 2 pts for adiabatic processes, 1 for Q = 0, 1 for explanation

• 3 pts for isochoric processes

c- find ∆S: 5 pts

• 2 pts for adiabatic processes, 1 for ∆S = 0, 1 for explanation

• 3 pts for isochoric processes

d- find e 5 pts

• 2 pts for obtaining expression in terms of W’s and Q’s

• 2 pts for using PV γ = constant

• 1 pt for simplifying final expression
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Problem 5

• state a: pressure Pa and volume Va

• state b: pressure Pb and volume Vb

• state c: pressure Pc and volume Vc = Vb

• state d: pressure Pd and volume Vd = Va

• degrees of freedom: d = 5 ∴ γ = d+2
d = 7/5

a- find W

• (a→ b) and (c→ d) are adiabatic

∴ Q = 0 ∆E = Q−W = −W

W = −∆E =
−d
2
nR∆T =

−d
2

∆(PV ) =
−d
2

(PfVf − P0V0) =
5

2
(P0V0 − PfVf )

Wab =
5

2
(PaVa − PbVb) Wcd =

5

2
(PcVb − PdVa)

• (b→ c) and (d→ a) are isochoric

∴ dV = 0 Wbc = 0 Wda = 0

b- find Q

• (a→ b) and (c→ d) are adiabatic, by definition

Qab = 0 Qcd = 0

• (b→ c) and (d→ a)
Q = nCv∆T for constant V

Q =
d

2
nR∆T =

d

2
V∆P =

5

2
V (Pf − P0)

Qbc =
5

2
Vb(Pc − Pb) Qda =

5

2
Va(Pa − Pd)

c- find ∆S

• (a→ b) and (c→ d)

Q = 0 ∴ ∆S =

∫
dQ

T
= 0

∆Sab = 0 ∆Scd = 0

• (b→ c) and (d→ a)

∆S =

∫
dQ

T
=

∫ Tf

T0

(d/2)nRdT

T
=
d

2
nR ln

(
Tf
T0

)
isobaric ∴ Tf/T0 = Pf/P0 ∆S =

5

2
nR ln

(
Pf
P0

)
∆Sbc =

5

2
nR ln

(
Pc
Pb

)
∆Sda =

5

2
nR ln

(
Pa
Pd

)
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d- find e

e =
Wnet

Qin
=
Wab +Wcd

Qbc
=

(5/2)(PaVa − PbVb) + (5/2)(PcVb − PdVa)

(5/2)Vb(Pc − Pb)
=
−Va(Pd − Pa) + Vb(Pc − Pb)

Vb(Pc − Pb)

For the adiabatic processes
PaV

γ
a = PbV

γ
b → Pa = PbV

γ
b /V

γ
a

PcV
γ
c = PdV

γ
d → Pd = PcV

γ
c /V

γ
d = PcV

γ
b /V

γ
a

Substitute expressions for Pa and Pd in efficiency expression above

e =
−Va(V γb /V

γ
a )(Pc − Pb) + Vb(Pc − Pb)
Vb(Pc − Pb)

Cancel out (Pc − Pb) and simplify

e =
Vb − V γb V 1−γ

a

Vb
= 1−

(
Vb
Va

)γ−1

= 1−
(
Vb
Va

)2/5
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