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Maidterm Solutions

1. A
min  f(z) = (z — a)?
s.t. x>0
r<c

The K-T conditions yield

2(x—a)—)\1—)\220

A >0
A2 <0
Mz —b)=0
Aoz —¢) >0

Here we can see that x can only be b, ¢ or between b and c.
fa*=0b =0\ =2a"—a)=2(b—a) 1)

If2* =c, A\ =0, 0 =2(z" —a) =2(c—a) ii)
fb<z*<e, A\ =X=0,2"=a iii)

Here we begin to discuss in cases.

a<bd

i) holds

ii) A2 > 0, contradictory to (2)

iii) * = a, contradictory to b < z* < ¢

Sox* =b, A =2(b—a),\a =0, f(z*) = (b— a)?
2Q)b<a<c

i) A\; <0, contradictory to (1)

ii)Ag > 0, contradictory to (2)

iii) holds

Soz* =a, A =X =0,f(z")=0
3)c<a

i) A1 < 0, contradictory to (1)

ii) holds

ili) 2* = a, contradictory to b < z* < ¢
Sox* =c, A\ =0, s =2(c—a), f(z*) = (c—a)?
B
max f(z) = (v — a)?
s.t. xr>0b

rz<c
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The K-T conditions yield

2@ —a)— A1 — A =0

A <0 (3)
A2 >0 (4)
AM(b—x)=0
Xo(c—x) >0

Similarly x can only be b, ¢ or between b and c.
Ifa* =0 =0\ =2(2"—a)=2(b—a) 1)
Ifo*=c, A\ =0, =2(a"—a)=2(c—a) ii)
Ifb<az*<c, A\ =X=0,2"=a ii)

Here we begin to discuss in cases.

1)a<b

i) Ay > 0, contradictory to (3)

ii) holds

iii) * = a, contradictory to b < z* < ¢

Sox* =c, A\ =0,\ =2(c—a), f(z*) = (c—a)?

Q)b<a<c

i) holds

ii)holds

iii)holds

But since f(x) is convex, x = a is a minimum, then we are left with cases x* = b or z* = c.
Which one is the solution depends on a.

Ifb<a<(b+c)/2,2" =c,A\i =X =0, f(z*) = (c—a)?
If(b+c)2<a<c,x*=bA\=MX=0,f(z")=(b—a)

3)ec<a

i) holds

i) Ay < 0, contradictory to (4)

iii) 2* = a, contradictory to b < z* < ¢
Soz*=b \ =2(b—a), =0, f(z*) = (b—a)?

2. d= H_vvf]zg\)\ for 7 f(z) # 0.
3. Let s; = {x]g;(x) < b;}. Since g;(z) is convex, Vz,y € 5;,0 < A <1,
9;(Az + (1 = N)y) < Agj(z) + (1 = A)g;(y)
Since g;(x) < b; and g;(y) < by,
9i(Az + (1= N)y) < Abj + (1= A)b; = b;

So Ax 4+ (1 — ANy € s; and s, is convex.
Ve,y € 5,0 <A< 1. Since S = m?:1 sj, it follows that x,y € s;, for j = 1,...,n. So

Ax 4+ (1 =Ny € s
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and

thus S is convex.

4. We need to solve the problem

max —a% + 8xr; — 13 + 121

s.t. T+ 20 <8
0§.§L’1§5
0§(L’2§4

First note that the objective function is concave and the feasible set is convex, therefore any
solution of the KT conditions must be a global solution. The KT conditions are:

—2$1+8—)\1—)\2—)\3:0
—2I2+12—)\1—)\4—/\5:O
)\1(8—ZL’1—I‘2):0

—)\2$1 =0
)\3(5 — 371) =0
—>\4I2 =0
)\5(4 - [L‘Q) =0

A1, Az, A5 > 0, Ao, Ay < 0 plus the original constraints.
Alternatively, we can formulate the KT conditions as:

—2$1+8—/\1—/\3§0
—21’2+12—)\1—)\5§0
)\1(8—1‘1—7}2):0
—(—2$1+8—)\1—)\3)$1 =0

)\3(5 — xl) =0
—(—2Z‘2 + 12 — )\1 — )\5)1’2 =0
/\5(4—1’2) =0

A1, Az, A5 > 0, plus the original constraints.

Since the unconstrained optimal solution is attained at (4,6), we can expect that the non-
negativity constraints are not biding, therefore we assume that Ay = Ay = 0. Trying also
A1 = A3 =0 and A5 > 0 we find that z; = x5 = 4 and A5 = 4 satisfy the KT conditions.
Then (4,4) is the optimal solution. Since the only positive Lagrange multiplier is A5, the only
constraint that changes the optimal objective when the RHS is changed is x5 < 4 and the
rate of change is 4. Note that even though the constraint x; + x5 < 8 is tight, if we increase
the RHS the objective function does not change.

5. Let z be the point on the y axis where the runner enter the water. Then the time spend from
s to f is:

22+ (2 —y1)? 22+ (2 — )2
g(z) _ 1 ( yl) + 2 ( y2) )
U1 V2
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We want to minimize g(z). Note that g is the sum of two convex functions. Since —zq, 9 > 0,
the function g is everywhere differentiable. Thus the optimality condition in this case is:

=Y <= Y2
9(2) = 2 2 2 5 0.
vivzi+ (2 — 1) Va5 + (2 — ¥2)

If z* is such that ¢’(z*) = 0, then z* is the global solution.



