




1. Pressures on the right and left side of the gate

The pressure in the water as a function of z is found as follows:

dPw (z)
dz

= −ρwg ⇒ Pw (z)− Pw (z = −H) =
∫ z

z=−H

−ρwg dz

and

Pw (z = −H) = Patm

(1.1) Pw (z) = Patm − ρwg(z + H)

Similarly the pressure in the unknown fluid can be found as follows:

dPR (z)
dz

= −ρRg ⇒ PR (z)− PR (z = 0) =
∫ z

z=0

−ρRg dz

and

PR (z = 0) = Patm

(1.2) PR (z) = Patm − ρRgz

It should be apparent that there is not a possible value for ρR such that the
pressures are the same on both sides of the gate everywhere. We have two linear
equations for the pressure and in order to be the same they would require both the
same slope and the same intercept. However, the air interfaces for the two fluids
are at different heights so their intercepts differ even in the case that ρw = ρR so
the pressure never be everywhere the same on the right and the left sides of the
gate.

2. The force Fw on the bottom of the gate

We can find the force acting on the gate by using Archimedes. Let us first find
the force on the bottom side of the gate due to the pressure in the water. The
easiest way of doing this is to consider a buoyancy force on half a cylinder and then
subtract the pressure acting on the top of the geometry. Note that we can see by
symmetry that there will be no force in the x̂ or ŷ directions.

Bw = ρwgV ẑ = ρwgL
1
2

πD2

4
ẑ =

π

8
ρwgLD2ẑ

The buoyancy force is the sum of the pressure force on the bottom of the half
cylinder (the thing we want to find) and the pressure force on the top flat area, see
figure 1. The top pressure force is simply the water pressure at that height times
the area times the normal vector pointing out of the fluid:

FT = Pw (z = −N) (LD) (−ẑ)

Pw (z = −N) = ρwg (N −H) + Patm

FT = −LDPatmẑ− ρwgLD(N −H)ẑ
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Figure 1. Buoyancy Force Due to Water

Figure 2. Buoyancy Force Due to Unknown Fluid

Note: water surface is at z = −H, so this height should be used to calculate the
pressure on the top surface.

The buoyancy force is given by

Bw = Fw + FT ,

so that the force on the bottom of the gate is given by

(2.1) Fw = Bw − FT = LDPatmẑ + ρwgLD

(
πD

8
+ N −H

)
ẑ

3. The force FR on the top of the gate

We can use a similar technique to find the force due to the pressure of the
unknown fluid on the top of the gate. In this case the volume used is not a half
cylinder but rather a box with a half cylinder cut out of it. See figure 2.

BR = ρRg

(
LD

D

2
− L

1
2

πD2

4

)
ẑ = ρRgLD2

(
1
2
− π

8

)
ẑ

This time the buoyancy force is given by

Bw = FR + FB ,

where FB is given by the pressure force at the bottom of the volume in figure 2:

FB = PR (z = −N −D/2) (LD) (−ẑ) ,
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where
PR (z = −N −D/2) = ρwg (N + D/2) + Patm

so that
FB = LDPatmẑ + ρwgLD(N + D/2)ẑ.

Note: water surface is at z = 0, so this height should be used to calculate the
pressure on the bottom surface.

The buoyancy force is given by

BR = FR + ẑPR (z = −N −D/2) (LD) ,

so that the force on the top of the gate is

FR = BR − FB = ρRgLD

(
D

2
− πD

8
−N − D

2

)
ẑ− LDPatmẑ

This simplifies to

(3.1) FR = −ρRgLD

(
N +

πD

8

)
ẑ− LDPatmẑ.

Note: We could have found the same result for FR by considering the weight of
the unknown fluid pushing down on the gate plus the force due to the air pressure
at the surface above the unknown fluid. The force acts in the −ẑ direction because
the weight of the unknown fluid is pushing down on the gate.

What follows is the same solution by brute force integration over the cylindrical
surface for those interested in comparing with that solution:

dFR = r̂PR (z) (D/2) Ldθ

where r̂ = x̂ cos θ + ẑ sin θ ,z = −N + (D/2) sin θ and θ is from π to 2π

FR =
∫ 2π

π

r̂PR (z) (D/2)Ldθ

FR =
∫ 2π

π

(x̂ cos θ + ẑ sin θ) {Patm − ρRg [−N + (D/2) sin θ ] } (D/2)Ldθ

FR =
∫ 2π

π

(x̂ cos θ + ẑ sin θ) (Patm + ρRgN) (D/2)Ldθ

−
∫ 2π

π

(
x̂ cos θ sin θ + ẑ sin2 θ

)
ρRg (D/2)2 Ldθ

and ∫ 2π

π

cos θdθ = 0

∫ 2π

π

sin θdθ = −2

∫ 2π

π

cos θ sin θdθ = 0

∫ 2π

π

sin2 θdθ = π/2
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FR = −ẑ{LD (patm + ρRgN) + LρRg (D/2)2 (π/2)}
= −ẑLDρRg (N + πD/8)− ẑLDPatm

4. Torque and specific gravity ρR/ρw

The center of force is, by symmetry, in the center of the gate: If you had a hinge
at the center of the gate it would not experience any torques due to the fluids. We
can therefore use the translation of torques rule from lecture 8.

First, we want to find the total force on the gate. This is simple:

(4.1) F = FR + Fw = gLD

[
ρw

(
πD

8
+ N −H

)
− ρR

(
N +

πD

8

)]
ẑ

Note: the atmospheric pressure components canceled out as we would expect. We
could as easily have used the gauge pressure instead of the absolute pressure in
finding our forces. (This would not be true if the pressure of air was not taken to
be constant over the distance H between the two interfaces.)

If ρR = ρw and H = 0, F = 0. The torque will also be zero in this case. This
is as we would expect because in this special case there is no change in the system
if the gate is removed: there is water everywhere with the same pressure on both
sides of the gate. (

√
)

We have only an ẑ component of the force. By symmetry in the ŷ direction we
don’t expect this force to produce any torques in the x̂ direction due to this force.
Therefore, our torque around the gate will be only in the ŷ direction (which is the
only direction allowed by the hinge in any case). We expect, by the right hand rule,
that the water will be causing a torque in the −ŷ direction (out of the page) and
the unknown fluid will be causing a torque in the +ŷ direction (into the page).

The vector from the hinge to the center of force is

(4.2) rAC =
D

2
x̂− D

2
ẑ,

where C is the center of force point.

Γ = r× F

Γ =
(

D

2
x̂− D

2
ẑ
)
× gLD

[
ρw

(
πD

8
+ N −H

)
− ρR

(
N +

πD

8

)]
ẑ

Γ = −1
2
LD2g

[
ρw

(
πD

8
+ N −H

)
− ρR

(
N +

πD

8

)]
ŷ

Finally, we have

(4.3) Γ =
1
2
LD2g

[
(ρR − ρW )

(
πD

8
+ N

)
+ ρW H

]
ŷ

If ρR = ρw and H = 0, Γ = 0. No torque when the unknown fluid is also water
and the interface is everywhere at the same height. (

√
)

The torque is zero if

Γ = 0 ⇒ 1
2
LD2g

[
(ρR − ρW )

(
πD

8
+ N

)
+ ρW H

]
= 0
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(4.4)
ρR

ρw
≡ γR = 1− H

N + πD
8

= 1− 8H

8N + πD
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