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Math 123, F.Rezakhanlou, Final Exam F C1 5

1. (7 pts) What is a limit cycle? Give an example of an ODE in the plane such that:
“It has a periodic solution that attracts all nearby solutions”.

/
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2. (7 pts) Consider the ODE [y} = [—y(l +2?)

Construct a Liapunov function for each critical point that is a sink.

}. Find its critical points.

3. (7 pts)
(a) Let F': R™ — R™ be a function that satisfies
[F(z) — F(y)| < Liz —y|. Let z,y be two solutions o ‘é—f = F(xz).
Show that |z(£) ~ y(£)] < e"!|2(0) — y(0)] for all £.
(b) Show that if there are ¢,%p with z(t1) = z(t2), {1 # ta,
then z(t) is a periodic solution.

!
4. (8 pts) Solve [;] = [:gi J_r 53] . For what values of a, 3, is the equation

(a) strictly stable?, (b) neutrally stable? What do the solution curves look like?
5. (7 pts) Solve y"" —y" +y —y=sinz.

6. (7 pts) Find a basis of power series solutions for v/ = z?y. What is the radius of
convergence of your series?

7. (4 pts) Show thatl the equation

{ﬁ=*¢m

y(0) =0

has infinitely many solutions

8. (8 pts) Consider the ODI

x(t) = 1% = 31739
xh(t) = 22 — 21722
z4(t) = @102 — 23

Define H{zy,xs,23) = x1logxy + 2 + 2logza + 2z3log x3.

Suppose (1, %2, %3) is a positve solution: z1(¢) > 0. z2(t) > 0, z3(t) > 0.
Show that H(S’Jl(t), Ig(l’;), .'Eg(t)) < H(ml(()), .'EQ(O), :123(0))



