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Math 185 (Section 3) Midterm Exam

March 4, 2003
K. Hare

NAME (printed) -

(Family Name) (First Name)

Signature

Student Number

(1) Do NOT open this test booklet until told to do so
(2) Do ALL your work in this test booklet

(3) SHOW ALL YOUR WORK

(4) CHECK THAT THERE ARE 6 PROBLEMS

(5) NO CALCULATORS |

(6) No pushing, biting, or hitting

11231456 |TOTAL
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1 a: (3 pts) Define what it means for a set D to be i) open, ii) closed,
iii) a domain

i) open: A set D is open if all points z € D are interior points.
) closed: A set D is closed if D contains its boundary.

i) a domain: A set D is a domain if 1t 15 an open connected set.

b: (4 pts) Find the principle root of
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c: (3 pts) Find in Cartesian (rectangular) co-ordinates:

(___1 T \/gz-)wo

_ ¢ gmiy 100
(—14 VB0 = (2:%)
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2 a: (3 pts) Find a harmonic conjugate for u(z,y) = = -+ 2zy.

Notice that u.(x,y) = 2y+1 = vy(z, y) which implies that v(z,y) =
Yy’ +y+ o).

Notice that uy(z,y) = 22 = —v.(z,y) = —¢'(x) which implies that
¢(x) = —2? +c

Thus we have that

v(z,y) =y’ — 2 +y+c

is the harmonic conjugate of u(x,y).

b: (3 pts) Find the principle value of ‘.
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c: {4 pts) Find the following limits, or state why they do not exist

=y 1: z24+1
1) i, o0 7557,

¥ 22—5—1_ iml—i—l/zg_l _.
zl%lol__.iZQ'uz—}ool/ZQ_z‘__z‘—'

ii) lim,. 00 sin(z),
If the limit existed, it would exist along any line going lowards in-
finity. We know that along the xz-azis that sin(z) oscillates between

—1 and 1. Thus the limit does not exist along the real axis. Thus the
limit does not exist.

ii1) lim, o Log(z),

lim Log(z) = lim log(|z|) 4 argzi = oo
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3 a: (3 pts) Let f(z) = 2. Use the Cauchy-Riemann equations to
show that f/(z) does not exists for all complex numbers z.

Notice that f(z) = z —yi. Thus u, = 1 5% —1 = v,. Thus the
Cauchy-Riemann equations do not hold. Thus f'(z) does not exist
anywhere.

b: (5 pts) Let f(z) = z. Use the formal definition of the derivative
to show that f/(z) does not exists for all complex numbers z.

The formal definition of the limit is

r f(z—l—Az)—f(z)_l, 2+Az—5_1_ Az
ArS0 Az = ArSo Az T A0 Az

We see that if we approach along the real azis, this limit is 1. If we
approach along the imaginary azis, this limit is —1. Thus this limat
does not exist. Thus f'(z) does not exists anywhere.
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c: (4 pts) Using the formal definition of a limit, show that

Iim1 422 =1 — 24.

Z—r1

Pick 6 = 5. Then we get that

Iz—il < 5:%
= |22 — 28] < e
= 12z + 22| < ¢
= 2241—-(1—-2i)] < ¢

Which gives the desired result.
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4 a: (4 pts) Let v(z,y) be a harmonic conjugate of u(z,y). Why
must U(z,y) = e“®¥ cos(v{z,y)) be harmonic?

If v(z,y) is the harmonic conjugate of u(x,y), then we know that
u(z,y) + vz, y) is analytic. Thus we know thal et(@utivley) 4o ang-
lytic. Notice that

eu@ytivley) — u@y) cos(u(x, y)) + et @Y sin(u(z,y)).
But the real part of analytic functions are harmonic. Thus
e Y cos(v(x,y))

18 harmonaic.

b: (4 pts) Let f be an entire function such that f(z) = —f(z). Show
that f must be purely imaginary on the real axis.

Soln 1: Let‘F(z) = 1f(z). Thus we see that
P() = if(2) = —iF(z) = i7(7) = F ()

Thus F(z) satisfies the reflection princple, and s real on the real line.
Thus f(z) is purely tmaginary on the real line.

Soln 2: Notice that on the real line that Z = z. This we have

—f(z) = f(2) = f(2)
This tells us that f(z) is purely imaginary.
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c: (4 pts) Show that for all zp, 21 in the complex numbers that
i f(z) dz is path independent if and only if

| f(z)dz=0

for all closed contours C' in the complex plane.

= Assume that [;* f(z) dz is path independant. Let C be a closed
contour. Let zy = z; be a point on the contour. Then

[ 1) de=["1(2) dz= [ f(z) dz =0

and we are done.

< Assume that [o f(z) dz = 0 for all closed contours. Consider
two paths C1 and Co between zy and z,. Let C be the close contour
created by matching up Cy to —Cy. Thus we have that:

0=/ f(z) dz:[a f{(z) dz——/czf(z) dz

and this tmplies that
fcl f(z) dz = /C':z f(z) d=z

and hence wnitegration is path independant.
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5 a: (5 pts) Show that

sinh™!(z) = log(z + V22 + 1)

Let w = sinh™!(z). Then we know that

sinh(w) = =z
e e %
= T3 =
= e —eT% = 2z
= e¥—-2z—¢e% =0
= e _9ze¥ -1 = 0

Thus by the quadratic formula we get
w 2:44/42244

e = =
= e¥ = z£V22+1
= w = log(z+Vz2+1)

Which is the desired result.

b: (3 pts) Using the equation from part a find sinh™ (3).

7

sinh™ (i) = log(s £ v~1+1) = log(i) = 5+ 2mik

where k 15 any integer
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6 a: (4 pts) Let

t -+t when 0<¢ <1
C=4{t+2i—1t when 1<t <2
4 —1 when 2<t<4

Find
fc cos(z) dz

Notice that C is a closed contour. Notice that cos(z) has an con-
tinuous anti-dervative in the complezx plane. Thus

fccos(z) dz =0

b: (4 pts) Using C = {e: 0 <t < 4r} find

1
/Cjz—dz

f ldzzfo‘”e%ieft dt:/ocmidtzél?ri



