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Problem f.f P6p*) Thrc. or Folse. Proae or show a countererample:

12pts Let X be a continuors non-negatiue (i,.e. P(X < 0) : 0/ random aari-
able with density fx(t) that satisf,es 0 { fx(t) < L for euery t. Then

a med,i.an (ualue m ot which P(X < m) : P(X > rn)) of X rnust be

larger than l.
Gtr ,$r{9 eo ! tao
a,^d-oslytvrtl S, +>o,

,t\.r,a '{rrc t+.xi^^tuaa &ti.+1

,'" T\^e jsra.t n^ 6-;1 r,ol-it^

f,t$r L y.o...

\r.ro^t i ig

S:J x tvld,,

'lrt-an *

S-t-?rtrddr' !-u o- & 'i
3Jz

b. 12pts. If X has marginal PDF f y(r) : ft"-* , and,Y has the same margi,nal

PDF, then EIXYI: 0 i,mplies that X andY are independ'ent.
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c. 12pts If XyXz,Xs arv identically distri,buted, haae fini,te n'Le&ns E[X) and
uari,ances Va'rlXl, but are not independent, then there must erist son'Le

constanto > 0 for whi,ch P(|ry$' - Etxll > a) > ry
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Problem L.2 (80 pts) Video-gorne-uorld lemmings are aerA logal creatures,
but unfortunately are aery stupid, and often forget what they are doi,ng. You

haue a few tasks to complete in o new ui,deo-garne and only an o,nny of these

lemmi,ngs to help you... (Eoch problem part stand,s apart from the others.)

a. 15 pts You need, to use your lemm'ings to help build a brid,ge.

i. To get to the bridge, the lemmings haue to walk through a door that
will slam shut (wi,th i,.i,.d. probabi'litg p) after anE lemming passes

through. What i,s the di.stribution of the number of lemmi'ngs, N,
that make it through the door?

ii,. Each of the N lemrpings from part (i) wi,ll i,ndependently contribute

a length Xr - Erp(\) to the bri,dge before forgetting what it.i's d,oi'ng

and wandering off. What is the erpected length of the bri,dge bui,lt

before all your lemmi,ngs wander away?

iii. What is the uariance of the bridge length?
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6. 16 p{r Fceh le,rnrning ew letmp either a long dtst*n*e {w*n prrlfuWitg p} ur
o stlpr* dcetaEm frpfe pru$c&ilitg t - p). Tka lanyiamptug lenwnings

atilt fitr*p o distans,X,r - Fry(I) und, the $hst't'Jtlnlpt lg lwr'*nings will
rwrw s dtetdttoe Xr - Erp(2f).

lbil &,aue twa m*:&ott@ dravm inilependent ternmr;lrgs and w.e$t them

f,p rypsa s e&&*rrr s uti,ile- Whst i8 tlre prebabt&f.'{. tlrei both vill ju.mp

CIrro*-$ *ll* aft*$rl s@futf $,we t&ls es atu eryrffisien i,rwofuing p end

l, &uf ilan't l,wue ir;dqmls i,a.gmtr f.,ro,s,I a.wwer)

L.t "{Ar i&r+a,'s11 \--,qnt ! ,ff" 2- *t * t'r^'-.'1r lx" 1,. 9 \a.
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= a-H
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c. 10 pt$ A $aed, nwm}er n af yoar lemmings are waktyr,g ta.uad e cW. Each
lemming uri& r*ndontg tri,p {indepndentlg af the athere) anth ptvbabit-
i,ty'7 * p. If it, trips, o lemrning u{,Il tum arvund and waJk away fram
the cW and be safe. Qthentise, i,t will fall aff the cliff.

Usi,ng a Cltemsff bottnd, boand the probabdtity thut, you wiII lase rnore
than $t * e)n hemrn{,wgs orser the side af th,e cffi.
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d. 25 pts You are looki,ng for new lemm'ings. Lemmings all come from the s&rne

hometown which is at an unknown location X - Unifl0, 100] from where

you are currentlg standi,ng (you are li'uing i,n a l-D world). You tend
to find, a lemmi,ng once 'it has had a chance to wand'er W - Uni,fl0,,201

from where it started. Each lemm'ing wanders independently of other

lemm'ings and independ,ently of where it started.

You fi,nd a lemming at a po'int Y : U.

i. What are the MMSE and LLSE estimates of the location of the
lemmings' hometown?

'ii. Answer part (i,) agai,n ercept assumi,ng X - l/(0, fiA) and W -
N(A,2A)?

iii. What i,s the n'rean squared error in each of the estimates of parts
(t) and (ii)?

i,a. For the Gaussi,an case of (ii), you find, a second lemm'ing at a poi,nt

Uz. Wat i,s your new est'imate of the location of the lemm'i,ngs'

hometown?

Gtzv tr\rCtcr.'. ?- J*t^

a./..t \ef*W

(1\ lnl.uu5g:

\rre t^,\Are

loo

L F A Jrven l=f , \ hc1 t!.r &1+r,Lqf*,a^

F..d +Lr j,z.^b

?L tolr.g

dnt\,'rbr^'r'-i {x,11*,} t*ar v' +h't supgart t€t'.

1

and Sr^ca $vrn f =z,\ i5 un'lrrr*r a'"d

!,vca \=y , Y ,s *^.$-. ,

&,1t*,'1) 
''\ un'\er^\ w?t *hT 1n00ovl t*'t"

elXtl=1-l= nardpo,^t;f +{,* '^f f X

wwir \=J. -r\is rs drown

'\" +x. !4 a^a*Lr rxp,rrr.i
tl ycn o^ +t"\a r".qt &.y

b,



(J,r,r..; o"^t)
uv\ft\Se L|gr(t\rvr .

LEI,ZV lv\v&lcr.r., L \r*\.nr

,;.oag)

o s.tr5ao

2D -a J! too

163r, t tzo

pS E (t^",,,{,or- e^fs\

F" +L. LLSEr ua?lnve a .{*n^,^* {o r^sc,.

r're&ty.Jl = Elxl+ ,#t# (1_ crn)
So rarc "*J {o oo,,

9l-= "i"d":-,f:;lll = r?Lv,^,1(o,ao{ 
= rofLll = r€Lxtr",J 

= *e[yl +refur] ] bo\a'tx): 'itt = '"lil . &
va.tw)r t* 

= d: 
- -r

t2.

'r"(\\ : vc.rtx) *uL<*)3= t5l= (s,^ii x,w a,c

cov(v,r1 - 4tx -etxlx\_ 
"\i

= E[x\l - ELxl ,elrl
-- eL((x+u,rl * etxlrEl$
elxl le[xlrct",-] - Et$EL\l

: var(x) +kt$). +retrlret.ll _etxlrelll
_ lSpp- s't soe +(so)tro) -(*\(teo\
= f*zsc'*3ss-3ooo
=?

t-r-se (;11=1) =so - t$)[t ,)t1- u"1

=f,o +f,(1_r,")

rl;ty=$={ z3 ,

lx-'"
I 11* '"



F ffitZv hAi;lk.r^,. L lor-r

X n^d\ *a Tb,d\ (*r.xr*'. (r.x.rt ca,trrr.\etr +{.*. d.*rrbr^trl .{*I\r'rrl dx$ rt *"+

t Ertr& Wge

\4,2. d e*^y\

ti) X-N(o, rw), \N"-rrtftorzp) , Y*I$r{ \o \-il(retrl*t€L.ilJ,v"'(F}+va"tw}
y - r'rt o, tzo\

I'/

cav{x,,r\ = ck-4ix\-}&.rtt
3 ,elxtl
= Elxtrrwrl 

- n

= elxl -ut Aet*:

{\rn ur *A.J; X 6"d \ fi +,rerr f g-^a.-e nor*rr wr
u$nrv{. t-t\*$(u,-l * ti

tt)= rffi '*)t$)
S*l X *^d Y 

rra f",*f1 Q*rr. L.. .

tr:itt {<r.o*t1 qa^r*\€r\ t V'3 ,
$rnnfg : Us& ,aJ .

Ua^dV

t*\nse " tEtxl\'$ = E(xl" I,*lXi'E - el\l)

'"* t.f;E- o1o+

*:

I



'&lLa (A,>xrp L L\n ,

f1.2, J c.ent\

(\n\Wl'*.t,\tha^ i/w*^ \**'.P d{ru/ rn. ,n jthr a*,^Juf f,tr 11\ c,-,c t}\\ ?
Mp,.S ,r.^r,* l

vr^b,\ \na,r8 c,',ft( | €[ty- ,ilyt1-])t]

= ,r[e[tx-a[y,r]r'\fl!

Uchefr

efv"'(yrj']= f #.,-"r,

i**" \: +

I loo
-.t- +
3.l.cso 3

28.3335

-_ (Lun(xt.1}-l

tlis..gg \

varQr\1=$t v"t t\,r'n,!t^^r.J.1*.1*$.**1x t.l-i$ ur$ne* ais [5rand,arrtse.,t

&;rr,*.,*Jl 
\+tu 

f.(S*r€. saor^i\ t*1tl b*eL'

: { x-lte osJsr,)

I #=ry zoerl'-tm

[ ry' 1oo (31 rzo

So "r* 
t x- t"zctl

E.fva.(x, lrl = [?^, 4lrlldr * 5'*
L,O

a"Xr to-r +t.'.r l cwn* X-Ur'.tlot.t]'44"

,?1rr,ll- Jbh,l .l
L*, o\+tn

roos]tlzo

fr.nt

i\ -\r L 6^''t"
too r?.o J

+ 5i+* + !]"'ill*':*t
+: riJ + &(t-''q'tl3
-te + L- (rci

3 4' tz'zocr



= tco- (l(b)z( b)

3nJ Lnr.,".,1

cov t\r ,\,\ o

e€nX lwri]frrrvr a Sslrl

(4.".a.i.'., c"^t)

llrE , n-)|

2r-
1Ee9

3

2.r, r1 'L1*

-('f)(t) &^. pt ti )
e3L

(\u ) -Tlvn

Wt
i\ a,

rara,

rht.*r al*-.f UrV =

LLSE ln^h,\Sg , G*sr,o,^,
yhsg __ r.rar(rl\)

t6!(p - rt\,-t) t1, _ e,r1 J)\rtlQ+we:(y_+w,51' **..
E[K"] +'ttdi I -u!a€i-,i' 

-

+,El_w;/€fiir,l

r (oo

-thra 
tD*' Nr(o, (lX3ii;: 

"]i:)
a.rd ruvs enrr-*< 

xlr {1

,4r rr,'{ 
: y-- 

fo ijl$r t"$,})
tf '; ,:J'li)

=*-;f" [,".,""r[]:,: ill(il
? ff r, ,t(il: f(r+1a)

of Yz . Nev*l crr,.^a[ | \u hrr bbe ,t*l',."l -t \,

\rl. \f. c.l? rr^d.p ulradz.alt,

{ t-*,Tt j-.-,,"-..')'



(€ tlV gt''l'+c,a )- Lt-.

e. 15 pts You haue one lemm'ing starii,ng at point 0. It walks 'in the positi'ue

directi.on unti,l i,t rand,omly decides to turn around and then wanders i'n

the negati,ue direction unti,l it again randamly decides to tur-n around

and starts wandering in the posi,tiue d,irecti,on again. Thi,s cont'inues.

In ei,ther di,rection, the lemming wi,ll walk an,independent length xt -
E"p(^) before it deci,des to turn around.-

i. After the lemming has turned around 2n t'imes, use the CLT to
approrimate the probabili,tg that the lemming i,s more than d away

from where i't started.

i.i,. After the lemmi,ng has turned, around 2n times, use the CLT to
approri,mate the probabili,ty that the total distance the lemmi'ng has

walked, (what its pedometer would read, at thi's poi,nt) i's more than

d.
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