SoLumisms

Fall 2009: EECS126 Midterm 2
No Collaboration Permitted. One sheet of notes is permitted. Turn in with
your exam.
Be clear and precise in your answers
Write your name and student ID number on every sheet.
Come to the front if you have a question.

80-90 points is a very good score. There are more points than that on the
exam. So look over the entire exam. Some points at the end may be easier

to get than others earlier in the exam.
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Problem 1.1 (36pts) True or False. Prove or show a counterezample:

a. 12pts Let X be a continuous non-negative (i.e. P(X < 0) = 0) random vari-
able with density fx(t) that satisfies 0 < fx(t) < 1 for every t. Then
a median (value m at which P(X < m) = P(X > m)) of X must be
larger than %
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b. 12pts. If X has marginal PDF fx(z) =
PDF, then E[XY] = 0 implies that X andY are independent.
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c. 12pts If X1, Xa, X3 are identically distributed, have finite means E[X] and
variances Var{X], but are not independent, then there must exist some

constant a > 0 for which P(|X1t%atXs _ ‘ E[X]| > a) > _V_alyﬂ.
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Problem 1.2 (80 pts) Video-game-world lemmings are very loyal creatures,
but unfortunately are very stupid, and often forget what they are doing. You
have a few tasks to complete in a new video-game and only an army of these
lemmings to help you... (Each problem part stands apart from the others.)

a. 15 pts You need to use your lemmings to help build a bridge.

i. To get to the bridge, the lemmings have to walk through a door that
will slam shut (with i.1.d. probability p) after any lemming passes
through. What is the distribution of the number of lemmings, N,
that make it through the door?

. \ #. FEach of the N lemmings from part (i) will independently contribute

Elx 3= A a length X; ~ Exp()) to the bridge before forgetting what it .is doing

ver (%) = _,_“,1 and wandering off. What is the expected length of the bridge buult
before all your lemmings wander away?

iii. What is the variance of the bridge length?
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b. 15 pts Each lemming can jump either a long distance (with probability p) or

a short distance (with probability 1 — p). The long-jumping lemmings
will jump a distance X; ~ Exp(\) and the short-jumping lemmings will
jump a distance X ~ Exp(2)).
You have two randomly drawn independent lemmings and want them
to cross a chasm x wide. What is the probability that both will jump
across the chasm safely? (Leave this as an expression involving p and
\, but don’t leave integrals in your final answer)
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c. 10 pts A fized number n of your lemmings are walking toward a cliff. Each
lemming will randomly trip (independently of the others) with probabil-
ity 1 —p. If it trips, a lemming will turn around and walk away from
the cliff and be safe. Otherwise, it will fall off the cliff.

Using a Chernoff bound, bound the probability that you will lose more
than (p + €)n lemmings over the side of the cliff.
N“m\j{ e &lﬂnma;\\S i o A,

(ot X’\ - 7 1 k'f‘ LG.m.;-q)i /Sa.ns f-r'\..a C\i’g
(o]

SOW .

S2 Xy~ Bernlpy. indegenent § e ot s

“Then VYom vt

0(5 % > (prodn)

Ny

P( = \Z X >p+£>

(N

-n O lere |\ ¢
¢ W bu) cires nofl bounad

Lihere RD(VN'E\\P\) < (0‘\'2\ ln(P—t—-Pe>+(\_,P_£) |f\(‘- p- &

T
NsTE- '“’“"V’"‘i*u c»-mw\se bownad wartin
Qw\ Cay = DLan 2lx)
g Mm_\gy { Xa~Rernomy Cod.

Piss, &S
o, S At ~goe\\e 4o do “the ‘(A;"i‘b/ SN +,

Dnee - .
“‘“"‘ V\A'\' " oA cpvrox \\‘A—L '\N‘T(ﬂ\?t‘)/ apPvex

&20’ -(\3\-l L e N om m,:g(axt-;*;lk \"°V"‘Q L
15 1S ne’ l@"xv o Stk lboained ¢




Q)

FE\Te Widkerm 2 S=tna

d. 25 pts You are looking for new lemmings. Lemmings all come from the same
hometown which is at an unknown location X ~ Unif[0, 100] from where
you are currently standing (you are living in a 1-D world). You tend

“to find a lemming once it has had a chance to wander W ~ Unif|0, 20]
from where it started. Each lemming wanders independently of other
lemmings and independently of where it started.

You find a lemming at a point Y = y.

i. What are the MMSE and LLSE estimates of the location of the
lemmings’ hometown?

ii. Answer part (i) again except assuming X ~ N(0,100) and W ~
N(0,20)?
i11. What is the mean squared error in each of the estimates of parts
(i) and (i1)?
w. For the Gaussian,_case of (ii), you find a second lemming at a point
ya. What is your new estimate of the location of the lemmings’

hometown?
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e. 15 pts You have one lemming starting at point 0. It walks in the positive
direction until it randomly decides to turn around and then wanders in
the negative direction until it again randomly decides to turn around
and starts wandering in the positive direction again. This continues.
In either direction, the lemming will walk an independent length X; ~
Ezxp()\) before it decides to turn around.

i. After the lemming has turned around 2n times, use the CLT to
approzimate the probability that the lemming is more than d away
from where it started.

ii. After the lemming has turned around 2n times, use the CLT to
approzimate the probability that the total distance the lemming has
walked (what its pedometer would read at this point) is more than
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